The locally covariant Dirac field 
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Abstract 

We describe the free Dirac field in a four dimensional spacetime as a locally covariant 
quantum field theory in the sense of Brunetti, Fredenhagen and Verch, using a representation 
independent construction. The freedom in the geometric constructions involved can be en- 
04 ' coded in terms of the cohomology of the category of spin spacetimes. If we restrict ourselves 

^ I to the observable algebra the cohomological obstructions vanish and the theory is unique. We 

establish some basic properties of the theory and discuss the class of Hadamard states, filling 
some technical gaps in the literature. Finally we show that the relative Cauchy evolution 
yields commutators with the stress-energy-momentum tensor, as in the scalar field case. 



1 Introduction 



Quantum field theory in curved spacetime is relevant for several purposes, such as the construction 
of cosmological models and to obtain a better understanding of quantum field theory in Minkowski 
\ spacetime. In order to achieve this goals in a more realistic setting it is important to go beyond 

i the well-studied free scalar field. In this paper we will present a proof, already contained in [35] , 

' of the fact that the free Dirac field in a four dimensional globally hyperbolic spacetime can be 

described as a locally covariant quantum field theory in the sense of 4 . 

Our presentation of the Dirac field is representation independent and we emphasise categorical 
methods throughout in order to point out an interesting problem concerning the uniqeness of 
the theory. The obstruction for the definition of a unique theory can be formulated in terms of 
the cohomology of the category of spacetimes with a spin structure, in particular its first Stiefel- 
Whitney class. It seems difficult to compute this class for a category, but we will show that a 
unique theory can always be obtained by restriction to the observable algebrass generated by even 
polynomials in the field, in which case the cohomological obstructions vanish. 

Hadamard states can be defined in terms of a series expansion of their two-point distribution, 
detailing their local singularity structure. Alternatively, they can be characterised by a microlocal 
condition. The equivalence of these two definitions has been investigated by several authors using 
different techniques of proof, but in our opinion none of these arguments has been fully convincing. 
In our discussion we hope to close any remaining gaps in the different proofs and establish the 
equivalence on firm ground. 

We also compute the relative Cauchy evolution of this field and obtain commutators with the 
stress-energy- momentum tensor, in complete analogy with the scalar field case ([!]). For this we 
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use a point-splitting procedure to renormalise the stress-energy-momentum tensor. Because we 
only need commutators with this tensor we do not need to treat the so-called trace anomaly, a 
divergent multiple of the identity operator, in detail. We refer the interested reader to [10] . who 
also construct the extended algebra of Wick powers, relevant for perturbation theory. 

The contents of this paper are organised as follows. In section [2] we review some of the math- 
ematical background material that we need in order to describe the Dirac field. This includes 
first of all the Dirac algebra and the Spin group, followed by a categorical formulation of some of 
the differential geometry that we will need. In section [3] we describe the classical free Dirac field, 
starting with the geometric and algebraic aspects in subsections 13.11 and 13.21 and the equations of 
motion and their fundamental solutions in subsection l3.3l We discuss the uniqueness of the functo- 
rial constructions and their cohomological obstructions in subsection 13.41 We then proceed to the 
quantum Dirac field in section [H In subsection 14.11 we quantise the classical Dirac field in a local 
and covariant way and collect some of its basic properties. Subsection 14.21 deals with Hadamard 
states and includes a discussion of the existing results concerning the equivalence of the microlocal 
and the series expansion definitions. For this purpose we also refer to appendix which contains 
several relevant and useful (but expected) results in microlocal analysis. Subsection 14.31 contains 
our discussion of the relative Cauchy evolution of the free Dirac field, obtaining commutators with 
the stress-energy-momentum tensor, but the proof of our main result there is deferred to appendix 
IbI because it consists of rather involved computations. Finally we end with some conclusions. 

Our presentation of locally covariant quantum field theory is based on the original |4J and on 
[l6| . For the Dirac field in curved spacetime we largely follow [TJ and [17], as well as our earlier 
[36) . For results on Clifford algebras we refer to [57] (see also [S] for a short review). 

2 Mathematical preliminaries 

To prepare for our discussion of the locally covariant Dirac field we present in the current section 
some mathematical preliminaries concerning the Dirac algebra, the Spin group and a categorical 
formulation of relevant aspects of differential geometry. These merely serve to fix our notation 
and set the scene for the subsequent sections. We also point out the relations with some other 
definitions and conventions in the literature. 

2.1 The Dirac algebra and the Spin group 

The Spin group can be embedded in the Clifford algebra of Minkowski spacetime, which we call 
the Dirac algebra. Therefore we will first briefly recall some results on Clifford algebras, for wich 
we refer to [S^ (note the difference in sign convention in the Clifford multiplication). 

Let R'"'*' be a finite dimensional real vector space with dimension n — r + s and with a 
non-degenerate bilinear form gab which has r positive and s negative eigenvalues. The Clifford 
algebra Clr,s is defined as the R-linear associative algebra generated by a unit element / and an 
orthonormal basis Ca of R'"'""'' subject to the relations: 

eaSb + BbBa = 2gabl ■ 

This definition is independent of the choice of basis. We may identify R*"'* C CZr,s as the subspace 
of monomials in the basis ea of degree 1. The even, respectively odd, subspace of this Clifford 
algebra is the one spanned by monomials of even, respectively odd, degree in the basis vectors and 
is denoted by Cl^^, respectively Cl^. Note that the even subspace is also a subalgebra. In the 
following we will be especially interested in Minkowski spacetime, Mq := R^'^, where the bilinear 
form is 77 = diag(l, —1, —1, —1) and where we choose an orthonormal basis ga, a = 0, 1, 2, 3 with 
= 1, IMP denoting the Minkowski pseudo-norm squared. The associated Clifford algebra is 
called the Dirac algebra D := and it is characterised by 

9a9b + 9b9a = 2riabl- (1) 
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As a vector space the Clifford algebra is naturally isomorphic to the exterior algebra. This 
motivates the term volume form for the element 55 :— .go5i5253 (or in general e := ei • • • Cr+s)- 
Note the following properties: 

Lemma 2.1 We have g| = — / and gsvg^^ — —v for all v G Mq. More generally, if u <E Mq has 
— 7^ 0, then u^^ = y Jjp u and v 1— > —uvu^^ defines a reflection of Mq in the hyperplane 

perpendicular to u. 

Proof. These equalities follow directly from ([!]). For the last claim, e.g., we compute: 

-1 / \ -1 2(u,w) 

~UVU = V — [UV + VU)U — V 1- — 77:^U, V e Mq. 

□ 

Standard arguments with Clifford algebras [57j give: 

D = Ch^3 ~ 4 ~ Cll^, C/4,1 =^ M(4, C), 

where M(4, C) denotes the algebra of complex 4 x 4-matrices. In fact, CZ4.1 is generated by the 
generators ga of D together with a central element uj, corresponding to il e M(4, C). Hence: 

M(4, C) ~ C (g)R D. (2) 

This also implies that the center of D is spanned by / (over R). The following Fundamental 
Theorem provides all the essential information we need on the Dirac algebra (for an elementary 
algebraic proof we refer to Pauli [3T].): 

Theorem 2.2 (Fundamental Theorem) The Dirac algebra D is simple and has a unique irre- 
ducible complex representation (i.e. an M.-linear representation ■n:D-^AI{n, C) ), up to equivalence. 
This is the representation ttq : D ~* M (A, C) determined by 7ro(.ga) ~ 7a with the Dirac matrices 





^ 






' -a,\ 


70 := ( 








. (T, i 



where Oi are the Pauli matrices Ci := ( ^ \],a2'-={^- n ] '^'^'^ "'3 10 



1 y ^ ■ \ i J - V -1 

The equivalence with another irreducible complex representation n of D is implemented by n{S) — 
L'!To{S)L~^ for all S G D, where L G GL^A, C) is unique up to a non-zero complex factor. 

Consequently, for every set of matrices 7^ G Af(4, C) satisfying equation (QJ) there is an L G 
CL{4:,<C), unique up to a non-zero complex constant, such that 7^ — LjaL^^- 

Proof. One can show [27] that D ~ Af(2,H), which is simple because it is a full matrix algebra. 
The given matrices 7a satisfy the Clifford relations llj and therefore extend to a representation 
of I? in M(4, C). 

Any complex representation tt :D—tM{n, C) extends to a complex representation tt of Af(4, C), 
using equality ^ and and the trivial center of D, which is irreducible if tt is irreducible. As 
M(4,C) has only one irreducible representation up to equivalence (see [41]) this determines tt 
up to equivalence, as stated. If K,L E G'i(4,C) are two matrices which implement the same 
equivalence, then KL~^ commutes with D and hence K — cL, where c S C is non-zero because K 
is invertible. Note that TT'{ga) ■= 7a extends to a complex representation of D in Af(4, C) which 
is faithful (as D is simple). The last statement then follows from the previous one. □ 

For notational convenience we define 75 := Tro{g5). 

We can define a determinant and trace function on D by det S' = det7r(S') and Tr{S) = 
Tr[iT{S)) for all S G D, where tt is any irreducible complex representation of D. This is well- 
defined by the Fundamental Theorem. The following lemma is often useful in computations: 

Lemma 2.3 We have Tr{gagb) = 47?ah and Tr{[gb, gd gdga) = HVcdVba - VbcVda)- 
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Proof. Using the cyclicity of the trace and the relations ([T]) we find: Tr[gagb) — ■^Tr{gagb+ gtga) — 
Tr{rjabl) = 4?7q{, and 

Tr{[gb, gc]gd9a) = Tr{gb[gc, gd9a]) = Tr{gb {gc, gd} 9a - 9b9d {Sc 9a}) 

= 2Tr{r]cdgbga - 9b9dr]ca) = HVcdVba - VbdVca)- 

□ 

We now turn to the Spin group, which is the universal double covering group of the special 
Lorentz group and which can be constructed in an elegant way inside the Dirac algebra. 

Definition 2.4 The Pin and Spin groups of Clr.s are defined as 

Pinr,s := {S e Clr,s\ S" = ui • • • Ufe, Ui e W'' , u\ = ±/} , 

SpiUr^s '■= Pirir.s n Cl^ g. 

We let Spinl 3 denote the connected component of Spiui,^ which contains the identity. 

We also define the Lorentz group C :— Oi,3, the special Lorentz group C+ := 5*01,3 o,nd 
the special ortochronous Lorentz group C\_ := SOl^, which is the connected component 0/ 
containing the identity. 

The special ortochronous Lorentz group preserves the orientation and time-orientation. For S G 
Pini^3 the map v 1— *■ SvS~^ on Mq is a product of reflections (up to a sign) by Lemma [2.1l Together 
with the fact that detw = for all u G Mq this gives rise to another useful characterisation of 
the group Pini^a, which we shall not prove0 

Proposition 2.5 Pmi,3 ^ {S E D\ dct5 l,Vu G MqSvS-^ G Mq} . 

It can be seen from Proposition 12.51 that Piui ^ and Spini^^ are indeed Lie groups. For the 
universal double covering homomorphism A between Pini^s and the Lorentz group we have the 
following formulae Ul 

Proposition 2.6 The map A-.Pim^s^C defined by S ^ ^"biS) G M(4,R) such that SgbS~^ = 
9aA°'b{S) is the universal double covering homomorphism of Lie groups, which restricts to the 
universal double covering homomorphism Spin^ ^ We have A\{S) = jTr{g"'S9bS'^) and 

the inverse of the derivative dA : spin\ 3 — > ?^|_ at S — I is given by: 

{dAr\\\) = -^X^gbg"- 

Proof. For the first sentence we refer to Theorem 2.10 and subsequent remarks. Using the 
Clifford relations ([T|) we see that 

^MS) = \^'^^Tr{^,aA\{S)I)^\r^'^^Tr{{g,ga + gd9c)A\{S)) 
= \^'^^Tr{g,g^A\{S)) = \Tr{g'^ SgbS'^). 

-"^The definition of the Spin group in J. corresponds to our group Pmi 3. In |14l and |17l one uses the term Spin 
group for the group 

S := {S & M(4, C)| det 5 = 1, SvS'^ 6 Afo for all v G Mq} . 

Note that this group cannot give a double covering of the Lorentz group, as claimed in |14) (but not in |17)). because 
for any S & S the matrices iS, —S, —iS are in S too. Its usefulness is based on its simple definition and the fact 
that S° = Spin\ .^. 

^ These results are well-known, but we record them for definiteness to correct a sign error in the spin connection 
JSj that has occured in ITilfTTlllTI . 

^Lower case Latin indices are raised and lowered with jy"', resp. rjab throughout. 



4 



Expanding A{S + es + 0(e^)) up to second order in e we find c?A(,s)''^ = jTr{[gi,, 5°] s). We check 
that i(A''„) :— \\''a9bg'^ is an inverse of dA: 

where we used Lemma 12.31 and the symmetry properties of X^^ G in the last hne. □ 
2.2 Some category theory and differential geometry 

The language of locally covariant quantum field theory uses category theory to express the physical 
ideas of locality and covariance. Any object or construction that is extended from a single spacetime 
(usually Minkowski spacetime) to the categorical framework gets the adjective "locally covariant" . 
The essence of local covariance seems to have a geometric origin and, because the Dirac field in 
curved spacetimes involves a substantial amount of geometric constructions, it will be convenient 
to present the relevant differential geometry in a categorical setting here. We refrain from the urge 
to call this "locally covariant differential geometry", which appears to be a pleonasm. 

A category €. consists of a set of objects c and a set of morphisms or arrow^ 7 : ci — > C2 
between objects of £, such that the composition of morphisms, when defined, is associative and 
each object admits an identity morphism (we refer to [29] for more details). A (covariant) functor 
F : £ ^ 03 is a map between categories, which maps objects c to objects r(c) and morphisms 
7:ci^C2 to morphisms F(7) :F(ci)^F(c2) such that an identity morphism maps to an identity 
morphism and the composition of morphisms is preserved. A contravariant functor F : £ — > 55 is 
defined similarly, but reverses the direction of the morphisms: F(7) : F(c2) r(ci). A natural 
transformation i : F G between covariant functors F : £ ^ 05 and G : £ ^ ?B is a map which 
assigns to each object c a morphism t(c) of 05, called the component of t at c, such that for 
every morphism 7 : ci — *■ C2 of £ we have t{c2) o F(7) = 6(7) o t{ci), which can be depicted as a 
commutative diagram. When a natural transformation t admits another natural transformation 
s such that t{c) o s(c) = id^ ~ s{c) o t(c) for all objects c, then t is called a natural equivalence. 
In this case we write t : F <^ G. A natural transformation between contravariant functors or 
between a covariant and a contravariant functor is defined similarly, except that some arrows in 
the commutative diagram are reversed. 

A subcategory S of £ consists of a subset of the objects of £ and a subset of its morphisms 
in such a way that still satisfies the axioms of a category. In our case all categories will be 
concrete, i.e. the objects will be sets with a certain structure and the morphisms will be maps 
between sets. The identity morphism will always be the identity map and the composition of 
maps, when defined, is automatically associative. In short, our categories will be subcategories of 
the category (Set, whose objects are set^ and whose morphisms are maps. 

For our discussion of differential geometry we start with the following 

Definition 2.7 The category OJlan" of smooth manifolds is the category whose objects are C°° 
manifolds M of (finite) dimension n and whose morphisms are C'°° embeddings ^:M.i^ M2- 

The category 5BunI)' of fiber bundles is the category whose objects are smooth fiber bundles 
p:B—fM over objects M of 2Jlan" with bundle projection map p, and whose morphisms are C°° 
maps l3:Bi^B2 covering a morphism /i:A^i-^A^2 o/2Jlan", i.e. such that p2 o (3 = fJ^opi. We 
denote by ^und the .subcategory whose morphisms restrict to isomorphisms of the fibers. 

The categories QJ05uni)J{, respectively 2J05uni)c, of real (complex) vector bundles is the subcate- 
gory o/Suni)' whose objects V are real (complex) vector bundles and whose morphisms v:Vi~^V2 
are real (complex) linear maps of the fibers. Again we denote by Q3Q5unc)R and Q3Q5unc)c the sub- 
categories whose morphisms restrict to isomorphisms of the fibers. 

''It is very often convenient to depict the morphisms in a diagram as arrows between objetcs. 

^See |29l for some relevant remarks concerning the foundations of set theory and the use of small sets. 
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We could have taken all smooth maps between manifolds as morphisms of OTan" or allowed all 
dimensions. However, local diffeomorphisms allow us to transport more structure, which enables 
us to describe more of the canonical differential geometric constructions as functors. We list the 
most important examples below. For fiber bundles, on the other hand, it will be useful to allow 
maps which are not isomorphisms on the fibersIH 

1. The functor T : 37lan" QJSunOR assigns to every manifold M the tangent bundle TM and 

to every morphism /i:A^i^A^2 the differential d/iiTAli— ^TA^2• 
2. The functoiEl T* :9Jlan"^5JQ5unc)R assigns to every manifold M the cotangent bundle T*^A 

and to every morphism fj,:Mi-^M2 the push- forward /z, ■.TMi^TM2, which is defined 

as := ti> o d^~^. 

3. Finite direct sums and tensor products of T and T* can also be described as functors, by 
extending dfj, and /i, in the obvious way. 

4. The functor A*^' : Man" 5JQ3unc)E assigns to every manifold Ai the vector bundle A^Ai 
of exterior fc-forms and to every morphism /i the push- forward /i* of such forms. Similarly 
the functor A : OTlan" 5JQ3un£)R assigns to a manifold the exterior algebra and it maps 
morphisms to push-forwards. 

5. The functor |A"| : 9Jlan" — + 5JQ5unt)R assigns to every spacetime M the one dimensional 
trivial vector bundle of densities |A"A^|, where n is the dimension of A4. This is the vector 
bundle whose fiber at a; G consists of functions d:A"A4^M. such that d{ruj) ~ \r\uj for all 
r G R and cu S A"A1 (cf. [5] appendix A. 3). A morphism /i is mapped to the push- forward 
defined by :— do fi* ^ where fj,*uj :— co o dfj, is the pull-back. 

6. In general, for a functor V : OJlan" ^ 9J*Bun()R with A4 i-^ VA4 and /i i-^- /3, the dual functor 
V* : 9Jlan" QJ*BunOR assigns to every manifold M the dual vector bundle V*M of VM. and 
to each morphism /i:A4i^A^2 the push- forward morphism /?, defined by /3,w := w o f3~^. 

7. When : Man" QJSunOjj for i — 1, . . . ,n map A4 to vector bundles over Ai one can 
construct the direct sum ©"^^V^ and the tensor product (8)"^iVi. 

8. Given a functor V : 9Jlon" 5JQ5un5R such that VM is a vector bundle over M, the 
canonical pairing of VM and V*M becomes a natural transformation (, ) : V* (g) V =J> A° 
whose components cover the identity morphism. 

9. For every functor V : Man" ^ 2JQ3unt)R and every r e R there is a natural transformation 
rrir : V <^ V whose component at M is given by the map m.^ : VM VM such that 
■mr{v) := rv. If r ^ this is a natural equivalence. 

10. All of the functors above can be complexified, which yields functors into QJQSunOc oi 5JQ5un5^. 
The complexification of V will be denoted by and there is a natural equivalence " : <^ 
Vc in 2J*BunOR (or QJOSuiiOr) which sends each section to its complex conjugate. 

11. The above constructions (dual, direct sum, tensor product) and natural transformations 
(pairing, m^) can also be applied directly to complex vector bundles in a canonical (Her- 
mitean) way. 

^The unprimed categories, whose morphisms are isomorphisms of the fibers, can be described as fibered categories 
over anon", cf. |30] p.44. 

^The functors B : OTon" IBunO' below are all of a special type, namely they associate to a manifold A4 a fiber 
bundle whose base space is again M. Although we will only use functors of this type when describing the Dirac 
field, the restriction is not technically necessary in our definitions. 

*It is tempting to think of a contravariant functor that maps manifolds to their cotangent bundles and mor- 
phisms fi to the pull-back, /i'liJ := o dfi, which indeed reverses the directions of arrows and changes the order 
of compositions. However, the pull-back is only defined on the image of fi, so in general this does not define a 
morphism in QJQSunO^. 
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It will be convenient to consider distributions and integration in a categorical setting too: 

Definition 2.8 T2Jec is the category of topological vector spaces with injective continuous linear 
maps as morphisms. The functor C : OJlan" — > T2Jec is the constant functor <C, i.e. it assigns to 
each object the one dimensional space C and to each morphism the identity morphism. 

The functor of test-sections is the functor Cj^ : 2J*Bun0c ~^ TQJec which maps each complex 
vector bundle V to the space C^{V) of compactly supported smooth sections ofV in the test-section 
topology^ A morphism v , covering a morphism /i, is mapped to the push-forward v^^ defined by 
^*{f ) = ° f ° on fi{Mi), extended by to all of M-i- 

The functor of smooth sections is the contravariant functor C°° :QJ*Bun5c^'J5Jec which maps 
each complex vector bundle V to the space C°°(V) of smooth sections ofV in the usual topology. A 
morphism v, covering a morphism fi, is mapped to the pull-back v* defined by v*{f) ~ v^^ o f o fi. 

The functor of distributions is the contravariant functor Distr:2JQ5unc)p— >T2Jec which maps 
each complex vector bundle V to the space (C^(V))' of distributions on V with the weak topology 
induced by C^{V). A morphism v, covering a morphism ^, is mapped to the pull-back v* defined 
by v*u := u o v^. 

We will not need compactly supported distributions, but they can be defined as the functor 
dual to C°° . Notice that objects which are not compactly supported, such as smooth sections or 
distributions, behave contravariantly, whereas compactly supported ones behave covariantly. Also 
note that the pull-back of a smooth section can only be defined for morphisms that restrict to 
isomorphisms of the fibers. The following constructions will be of importance in section (4] 

12. There is a natural transformation /:Cg° o |A"|^C which assigns to each oj £ C^(|A"A1|) 
the integral uo. 

13. Let f : <JJ<BunOc ^ ^JSunOc be the forgetful functor. For any functor V : OTan" <2J<BunI)c 
there is a canonical natural transformation k : Cg° o f o V => C°° o V, whose components are 
the canonical injections C^{VM) C C'=^{VM). 

14. For any functor V : 9Jlan" QJQSunOc there is a canonical natural transformation l : C°° o 
(V ® |A"|) ^ Distr o f o V* given by lm (/ ® cj) :— Jj^ (., /) uj for any smooth section / of 
VM and any density lu on A4. Each component of l is injective. 

15. Given a pair of functors : 9Jtan" ^2J*Bun0c, i — 1,2, any natural transformation t: Vi 
V2 lifts to a corresponding natural transformation T : Cg° o Vi Cg° o V2 defined pointwise 
by TVi/ ■= ° I ■ For Vi : OJlan" 5J*Bun5c and a natural transformation t : Vi V2 we 
can similarly define T : C°° o Vi ^ C"^ o V2 pointwise by T^f ■= ° f ■ 

Where convenient we will often identify a functor V : SUlan" QJQSunDc with the functor f o V, 
omitting the forgetful functor, as this rarely leads to confusion. 
Next we add the structure of a semi-Riemannian metric: 

Definition 2.9 The category 6EH$Han" of semi-Riemannian manifolds is the subcategory o/97tan" 
whose objects M = {M., g) are C°° manifolds M of dimension n with a semi-Riemannian metric g 
and whose morphisms m:Mi^ M2 are given by the isometric morphisms in 97lan", i.e. morphisms 
fi:Mi^M2 such that = 52|/i(Aii)- 

The extra structure gives rise to extra functors and natural equivalences that are of interest to us: 

16. The forgetful functor f : S9^9Jlan" 9Jlan" assigns to each M = {M,g) the underlying 
manifold M and to each morphism m the underlying morphism fj, in OJlan". 

17. We will write T, respectively T*, for the functors Tof, respectively T*of, from 69^2Jlan" to 
QJSuntiR. There is then a natural equivalence G:T<^T* whose component at M — {M,g) 
is given by the map Gm :TM.^T* M. such that v g{v, .). 

®For a precise definition of the well-known topologies on test-sections and smooth sections we refer to |13| Ch. 

17. 
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18. The functor F : ©fHOTan" ^ 5JQ5unt)R assigns to each object M the frame bundle FM, i.e. 
the bundle whose fiber at a point x G consists of all orthonornial bases of T^M in the 
metric g. This fiber is a subset of T®"A^. A morphism m is mapped to the push- forward /x* 
acting on FM C T®"A^. 

19. The functor CI : 69^S[Han" 2J<Bunc)R assigns to each object M = {M,g) the Clifford 
bundle CIM, which is the vector bundle whose fiber at a; e is the Clifford algebra of 
(TxAi , g) viewed as a linear space. A morphism m is mapped to the push- forward acting on 
CIM C (B^^qT^'^M. Note that CI is naturally equivalent to A o f , because we ignore the 
algebraic structure on these vector bundles. 

20. We define the volume form functor vol : ©IHOJton"' — > QJSunOR as vol := |A"| o f. When 
m : Ml M2 is a morphism and dvol^ := \ det gi \ the metric induced volume form on 
Mi, then vol maps dvoli to the restriction of dvoh to m{A4i). There is a canonical natural 
equivalence from A'' to vol, which consists of multiplication with the metric induced volume 
form. 

21. Similarly there are natural equivalences between any functor V : 69l97lan" ^ 5JQ5unc)c and 
V (g) |A"|. Therefore we obtain a canonical natural transformation l:C°° o V^Distr o V*, 
the components of which are injective. 

3 The classical Dirac field 

After these mathematical preliminaries we are now ready to start constructing the classical free 
Dirac field (as a locally covariant classical field) . We will first describe the geometric and algebraic 
constructions, before we discuss the Dirac equation and its fundamental solutions. We close by 
investigating to what extent the relations between the Dirac operator, charge conjugation and 
adjoint map fix the structure of the theory and find that the non-uniqueness can be characterised 
in terms of the cohomology of the category of spin spacetimes. 

3.1 Geometric aspects 

In order to describe the Dirac field we need to introduce the notion of a spin structure on a 
spacetime, combining the geometric and the algebraic results of section [2] This is the purpose of 
the current subsection. 

The systems that we will consider are intended to model Dirac quantum fields living in a (region 
of) spacetime which is endowed with a fixed Lorentzian metric (a background gravitational field). 
Mathematically these regions are modelled as follows: 

Definition 3.1 By the term globally hyperbolic spacetime we will mean a connected, Hausdorff, 
paracompact, C°° Lorentzian manifold M — [M , g) of dimension d = A, which is oriented, time- 
oriented and admits a Cauchy surface. 

A subset O <Z Ai of a globally hyperbolic spacetime M is called causally convex iff for all 
x,y Cz O all causal curves in M from x to y lie entirely in O. 

The category ©pac is the subcategory of S[H97lan" whose objects are all globally hyperbolic 
spacetimes M = {M. , (?) and whose morphisms are isometric embeddings ip that preserve the ori- 
entation and time- orientation and such that tp{Mi) is causally convex. 

Most notations we use concerning the causal structure of spacetimes are standard, cf. [42]. The 
importance of causally convex sets is that for any morphism -0 the causal structure of Mi coincides 
with that of tp{Mi) inside M2: 

HJmA^)) = JmM^)) n V^A^i), 2; e Ml. 

If O C is a connected open causally convex set, then (0,g|o) defines a globally hyperbohc 
spacetime in its own right. In this case there is a canonical morphism Im,o : O M given by 
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the canonical embedding l,:0^A4. We will often drop Im.o and l from the notation and simply 
write O C M. 

Notice that there is a forgetful functor f : Spac^ ©9^9Jtan" and that we can define the functor 
: Gpac Q5unc) of oriented, time-oriented orthonormal frames F^Ai for the tangent bundle, 
in analogy to section [^T^ This is a principal £^^-bundle over M, where the special ortochronous 
Lorentz group £\_ acts from the right, i.e., given e = (cc, Cq, . . . , 63) G f]_M, where x G M and 
Ga € TxM such that gx{ea,Sb) = Vab and eo is future pointing, the action of A is defined by 
i?Ae = e' = (x, Cq, . . . , 63) where = etA''^. 

Definition 3.2 A spin structure on M is a pair {SM, tt), where SM is a principal Spin\ ^-bundle 
over M , the spin frame bundle, with a right action Rs, S G Spin\ 3, and it:SM ^FM , the spin 
frame projection, is a base-point preserving bundle homomorphism such that 

TTO Rs = i?A(s) O TT, 

where S '—^ A(S') is the universal covering map (cf. Provosition \2.b]) . 

A globally hyperbolic spin spacetime SM = {M,g,SM,Tr) is an object M = (A4,g) 0/ Spoc 
which is endowed with the spin structure (SM,?:). 

The category 6Spac is the subcategory 0/ SunO whose objects are all globally hyperbolic spin 
spacetimes SM ~ {M,g,SM,Tr) and whose morphisms x '■ SMi — > SM2 cover a morphism ip : 
Ml M2 in &pac and satisfy x ° {Ri)s — (^2)5 ° X ^.''^d 7^2 ° X — ''P* ° '^i' where pi are the bundle 
projections, -Ki the spin frame projections and "0* the push-forward. 

Note that a morphism acts as a diffeomorphism of the fibers, because it intertwines the group 
action. 

Every globally hyperbolic spacetime admits a spin structure, which need not be unique [191 
[501 im mi ■ We will regard distinct spin structures on the same underlying spacetime as distinct 
spin spacetimes0 Spinor and cospinor fields are sections of vector bundles associated to the spin 
frame bundle. We will require that the assignment of these vector bundles is functorial: 

Definition 3.3 A locally covariant spinor bundle is a /itncior V : 66pac—> QJOSunOc? written as 
SM 1-^ VsM, such that x, o,nd v cover the same morphism ijj in Spac and such that each 

VsM is a vector bundle associated to the spin frame bundle SM through some representation. The 
dual functor is called a locally covariant cospinor bundle. Smooth sections ofVsMj respectively 
^SM' ^'"'^ called (Dirac) spinors (or spinor fields), respectively cospinors (cospinor fields). 

The condition in the definition of a locally covariant spinor bundle ensures that the vector bundle 
VsM and the spin frame bundle SM are both bundles over the same spacetime M . 

For definiteness we pick out the following standard choice of locally covariant spinor and 
cospinor bundles: 

Definition 3.4 The standard locally covariant Dirac spinor bundle Do : S6poc Q35Buntic is 

the locally covariant spinor bundle which associates to each object SM of 6Spac the associated 
vector bundle DqM = SM y-spin°^ of SM with the representation ttq, and which maps each 
morphism x'-SMi^ SM2 to the morphism ^: DqMi—^ DqM2 given by S,{[E,z]) := [x{E),z]. 
The standard locally covariant Dirac cospinor bundle Dq is the dual functor of Dq • 

Recall that a point in DqAI consists of an equivalence class of pairs {E, z) e SM x C*, where the 
equivalence is given by 

[RsE,z] = [E,ttq{S)z]. 

^"There exists another approach to spinors, which considers on each spacetime the Chfford bundle. This Clifford 
bundle is functorial in its dependence on the spacetime, but it does not generally define a spin structure. Indeed, 
at each point one can identify the Spin group inside the fiber of the Clifford bundle, but there may not be any 
projection from these Spin groups onto the frame bundle that intertwines the actions of the structure groups, the 
obstruction being a topological twist. (Conversely, every spin structure can be seen as a topologically twisted copy 
of the Spin groups in the Clifford bundle.) Nevertheless, it appears to provide sufficient structure to describe all 
the relevant physics in a functorial way. We refer to |40j for more information on this approach. 
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The dual functor Dq then assigns to each SM the dual vector bundle DqM whose points are 
equivalence classes of pairs {E, w*) G SM x (C*)*, where the equivalence is given by [RsE, w*] = 
[E,w*TrQ{S~^)\. (Here we consider w* G (C*)* as a row vector, whereas z e is treated as a 
column vector.) 

For any object SM the unique connection Wsm on TM which is compatible with the metric, 
^ SmQ = 0, can be described by an /^-valued one-form (Q,sMYa the orthonormal frame bundle 
f'^M (cf. [25 Ch.2 Proposition 1.1), where l\_ is the Lie-algebra of which can be identified 
with the tangent space of the fiber of f]^M at any point. For every local section e of f|M the 
pull-back := e*{^^^) consists exactly of the connection one-forms of Vsm expressed in the 
orthonormal frame Ca- The one-form (Osa/)''^ can be pulled back by the spin frame projection tt 
and lifted to a spin\ g-valued one-form S5A/ on SM: 

HsM {dK)-^n*{{VLsM)\) - \p*{{nsM)\)9bg\ 

where the last equality uses Proposition 12.61 The one- form Hsm determines a connection on the 
spin frame bundle SM . For any associated vector bundle DM we then find a connection, also 
denoted by ^ sm, determined by the connection one-forms a := E*[Tism) in a local section E of 
SM , as represented on DM (we will give an explicit expression for a in equation ([5]) below). The 
connection can be viewed as a map W sm ■C^{DqM)^C^{T* M (g) DqM), which is a component 
of a natural transformatiort"] V : Cg° o Dp =^ Cj^ o (T* (g) Dg). The Leibniz rule allows us to 
extended it to mixed spinor-tensors, using e.g. Vq(w,u) — (VaW,u) -I- (w, Vaw). 

3.2 Adjoints, charge conjugation and the Dirac operator, 

We now define the adjoint and charge conjugation maps on spinors and cospinors. These are special 
cases of the Fundamental Theorem 12.21 using the complex conjugate and adjoint matriceq^ (cf. 

EH). 

Theorem 3.5 For any irreducible complex representation tt of the Dirac algebra D there are 
matrices A,C€ GL(4, C) such that 

A^A*, n{ga)* = A7:{ga)A-\ An>0, (3) 
CC^I, -'^^ ^ CTT{ga)C-^ 

for all future pointing time-like vectors n G Afg C D. We have for all S G Spin\ 3; 

A = -C*A^C, 

T:{SyAn{S) = A, T:iS-^)C-^^^ ^ C'K 

Moreover, if A',C' G M(4,C) have the properties stated above for the irreducible complex repre- 
sentation tt' of D, then there is an L (z Gi(4,C), unique up to a sign, such that L*A'L = A, 
(L)'^C'L = C andn = L-^w'L on D. 

Proof. To prove the existence of A and C in the representation ttq we may take A = Aq := "fQ, 
C = Cq 72 and check the required properties straightforwardly. Note for example that 

^^Alternatively we could have written the connection as a natural transformation from the 1-jet bundle extension 
of Do to T* (» Dq. 

^^On a general representation space of complex dimension four one can define many complex conjugations and 
Hermitean inner products. In order to obtain the desired equalities i nvolvin g adjoint and charge conjugate spinors 
later on we need these two operations to be compatible, i.e. (v, W) = {v, w). Without loss of generality we can then 
use the standard complex conjugation and Hermitean inner product on C^. 
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because det(n°/ ± nVj — > and Tr{nPl ± nV^) = 2n^ > 0. To prove the existence of A and 
C in a general irreducible complex representation tt one writes 7^ = K7r{ga)K~^ by Theorem 



and verifies that A = K*AqK and C = K '^CqK wiU do. 

Given A' satisfying equation ([3]) for tt' we can fix ii' e GL(4, C) such that tt' = KnK^^ 
on _D and the desired matrix L must be L = ziiT for some z 7^ by the Fundamental Theorem 
EH Now set i := K*A'K and (7 := (K )''^C'K and note that i and C satisfy ([3]) for tt. Because 
the sets of matrices TT{ga)* and — 7r((7a) both satisfy the relations ^ we must have aA = A and 
cC = C for some non-zero complex factors a and c, again by the Fundamental Theorem. Also, 
|c| = 1 because CC ~ I and a > because A = A* and A7r(n) > for future pointing time-like 
vectors. Hence, |zp ~ a and z = cz, which fixes z (and L) up to a sign. This proves the last 
statement. 

The equation A = —C*A^C holds for Aq, Cq and therefore also in general. For a unit vector 
u = u°'ga we have = ±/ and hence 

7r(w)*A7r(M) = u^u^TiigaT A-K{gb) = ^"^^^71(5^36) = A7r(u2) = ±A. 

For iS* G Spini^s we must therefore have that Tr{S)* Air^S) — ±A, by definition of the Spin group. 
For S = I the sign is a plus, so by continuity and connectedness we conclude that 7r(S')*^7r(5') = A 
for all 5 G Spirii 3. For C we use the fact that 



t:{u-^)C-\{u) = ~tt{u)-\{u)C-^ = -C~ 



and hence tt{S-^)C-^tt{S) = C'^ for aU 5 G S'pmi.a. □ 
Note that 35 G Spini^^ \ Spin\^. Indeed, using ttq and Aq = 70 in Theorem 13.51 we see that 
7|Ao75 = —^0: so 35 G Spini^3 by definition, but not in Spin\ 3. 

In the following theorem we use the fact that for any pair of natural transformations i, t' : 
66pac=>QJ*Bun()c we can define the sum t + t' and the tensor product t®t' componentwise. 

Theorem 3.6 The standard locally covariant Dirac spinor and cospinor bundles admit natural 
(C-antilinear) equivalences + : Dp -i^ T>q, ^ : Do <^ Dq, ^ : ^ in 93Q3un£)R and a natural 
transformation 7 : Dq ^ T* ® Dp in QJ*Bunc)£ swc/i t/iai aZ/ components cover the identity morphism 
and the following equations hold both on spinors and cospinors ( i. e. we denote the inverses of + 
and by the same symbol): 

{,)oSo{+®+)= -o(,) =(,)or®-) 

(1(8)+) o 7 = 7*0+ (1(8'') o 7 = -1 o 70^= (4) 

(1 -I- S* (8 1) o (1 (g) 7) o 7 = (2 o 5) (8 1, 
V o 7 = 7 o V, 

where S* : Dq (8 Dq <;=5> Dq (8 Dp and S* : T* (8 T* <^ T* (8 T* swap the factors in the tensor product, 
5 : A*' T* (8 T* maps the function 1 to the metric g and 7* :Dq ^T* 8" Dq is the adjoint map of ^ 
under the canonical pairing (,). Futhermore, for every object SM, every time-like future pointing 
tangent vector n G TM and every v G DqM we have (n (8 7(w)) > 0. 

The natural transformation 7 can also be seen as a natural transformation T =^ End(Do) or 
T ^ End(DQ). Equations ^ simply give the usual computational rules for spinors and cospinors 
in a functorial setting. Thus, for every SM and every p G DqM, q G DqM we have: 

P++ =p = p"" = 
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where we have dropped the subscript SM to Hghten the notation. 

Proof. The canonical pairing (, ) : Dg (g) Do =^ on SM is given by {[E, w*] , [E, z]) = {w, z), 
where the right-hand side is the standard Hermitean inner product on C''. Note that this is well- 
defined, because we can always get the same E £ SM on the left-hand side by a suitable action 
of Spirii 3. The components of the natural equivalences ^ and on each SM are defined using the 
matrices Aq and Cq of Theorem 13.51 and their properties: 

[E,z]'' := [E,Cq^ [E,w*Y- := [E,w*Co] 
[E, z]+ [E, z*Ao] [E, w*]+ := [E, A'^w] . 

These are well-defined isomorphisms in 93Q3un5M and they give rise to natural equivalences satis- 
fying the first two lines of equation (|4|). 

Now fix G SM, let Ca be the orthonormal basis (eg,..., 63) = 7r(i?) of Tp(E)M, where 
TT : SM FM is the spin frame projection, and let e° be the dual basis of T*^^-^M . On SM we 
define the component of the natural transformation 7 on SM to be 

7([£;,z]) :=e"® [£;,7az]. 

This is well-defined, because a different section E' := RsE gives rise to the frame ejj = ehA^a(S') 
and the dual frame (e')" = K\{S-'^)e^ and on the other hand 7ro(S'"i)7a7ro(S') = -tbA^^{S-'^) by 
definition of A (Proposition 12. 6|) . 7 is indeed a morphism in 53*BunOc and gives rise to a natural 
transformation. The third line of equation @ follows again from the properties of A and C (see 
Theorem 13. 5p : 

7([i?, zf) = e» ® [E, laC^^z] = -e'^ ® [E, C^^-f^] = -{^{[E, 
l*{[E,z]+) = e^®[E,z*Ao^a]=e'^®[E,z*^:A] = {^{[E,z]))+ 

and similarly on cospinors. Also, 

Vf,7a = (Jb^a - laCb ~ ^"balc = ^r^^^^ (7c7''7q - lalcl'^) - ^^balc 

= \^\d{lc {l\ la] - {la, 7c} 7' - = ^r^A^ilc + Vacl") = 0. 

Finally, for every object SM, every future pointing tangent vector n g TM and every v e DqM 
we have (n (g) ,j{v)) — (u+, An"'jav) > again by Theorem 13.51 □ 

In terms of the Christoffel symbols T^^^, the frame e° and representing ga on DqM using the 
End(I?o-^^)-valued one-forms 7, the connection one-forms of the spin connection can be expressed 
aS 

^6 := \^\clal\ (5) 
rV = -e?(e^a,ep-fe^e^e::r''^,. 

The Dirac operator is defined on spinors and cospinors by 

ysM := 7"Va. 

This defines natural transformations ^ : Cg° o Dq ^ Cjf o Dq, respectively f : Cg° o Dp o Dg. 

The intertwining relations of the adjoint and charge conjugation with the Dirac operator follow 
from their intertwining with 7 in Theorem 13.61 

Proposition 3.7 ^0+ =+ oy,f o " = -10 "of. 

'^^Note the sign error in [T4l[T7) . 
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Proof. Recall that + and ^ can be defined pointwise on test-sections. Hence, on any object SM 

ifvy - {{daV~V<Ja)rr^{daV-Va^)rC 

- -{d(vC) - vC<Ja)r = -f{yC) = 

= {da{u*A)-u*Aaa)r ^f{u*A)^fu+, 

where the minus sign in the last line appears because the order of the two factors of 7 in the 
expression for tXa needs to be changed. It follows that (y^ )^ = {')l7v~^~^)~^ = (yu '*")''"'" = J/v^ and 
(fuy = {fu+)+'^ = -{fu+Y+ = = -{fu''+)+ = -fu". □ 



Remark 3.8 A change in the sign convention, r) := —rj, has no physical consequences. In fact, 
this simply gives rise to D ~ C^s.i as the Dirac algebra, but since Cl^ ^ — Cl\ ^ nothing changes 
in the representatioi^^ of the group Spin\ 3 — Spin^ i. To accommodate this change one can set 
la '■— ila in equation which yields the same Dirac algebra and other constructions (although 
we do get signs for all covectors when raising or lowering indices with fj). This also implies that 
one should drop the factor i in front of the Dirac operator in the Dirac equation 0) below, which 
ensures that PcP = PPc will still be a wave operator. We can also keep the same matrices A, C, 
which now must satisfy the relations: 

-ra=AlaA-\ ^^^ClaC~\ 

The spinor and cospinor bundle and the adjoint and charge conjugation maps then remain the 
same and all the relations between these operations and the Dirac operator remain valid. 



3.3 The Dirac equation and its fundamental solutions 

The Dirac equation on spinor and cospinor fields, respectively, on a spin spacetime SM is 

{-iy + m)u = {if + m)v = 0, (6) 

where the constant m > is to be interpreted as the mass of the field. These equations can 
be derived as the Euler-Lagrange equations from the action Sd J with the Lagrangian 
densitjlll 

Cd ■■= {u+,{-if + m)u)dvo\g (7) 

by varying with respect to u and u+, viewed as independent fields. The canonical momentum of 
the field u on a Cauchy surface C with future pointing normal vector field n is defined as 

TTix) := , ^\ ^ jf""., = ^^^+ix)iix). (8) 

We will write P := — iy + 771 for the operator on spinors and Pc ;= iy + 777 for the operator on 
cospinors. These are components of natural transformations P:Cg°oDo=>Cg°oDo, P:C°°oDo=> 



^"^Notice that a complex irreducible representation of Ch/i extends to an irreducible representation of M(4, C) 
and therefore also gives a complex irreducible representation of C/3.1 and vice versa. The standard Clifford algebra 
isomorphism C/3,1 ~ M(4,R) appears if and only if the representation of CTi,3 is a Majorana representation, i.e. if 
= —-fa- In that case we also find (see e.g. [7] p. 332) 

Pins,! ~ {S G M(4,R)| detS = l,Wv e MqSvS-'^ e Mo} ^ Pirn, 3. 



^^The Lagrangian is a natural transformation between the functor JiDq, which assigns to each spin spacetime 
SM the first-order jet bundle J\DqM of the spinor bundle DqM, to the functor | A"| of densities. A component of 
this natural transformation covers the identity morphism of SM and is only a moprhism in QSunO, not in QJIBunO^, 
because it is not linear. 
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C°° o Do and : o D* ^ o D*, : C°° o D* ^ C°° o D*, which we denote by the same 
symbol. We then have by Proposition [3IZ1 

Po " = "oP Pc o ^ = = o Pc, 

PcO+ =+ oP Po+ =+ oP^, (9) 

i.e. if a spinor field m is a solution to the Dirac equation, then so are u"*" and u'^. (The adjoint and 
charge conjugation of u are defined pointwise.) 

For a distribution v on DqM we define the transpose P* by {P*v,u) :— {v,Pu) and similarly 
for Pg. In this way the transposes give rise to natural transformations P* : Distr o Dp ^Distr o Dq 
and P* : Distr oT>^=^ Distr o . 

Lemma 3.9 Let l:C°° o Dq ^ Distr o Dq and l:C°° o Dq =4> Distr o DJ be the canonical natural 
transformations (see section [2.S\ item 14). Then P* o l = l o P^ and P* o i = t o P. 

Proof. This follows from the fact that for each object SM Jj^_j{u, '^v)dvo\g — — Jj^iy^u, v)dvolg if 
at least one of u G C"^{DoM) and v € C°° (DqM) is complactly supported. This in turn follows 
from {yv,u) + {v,fu) — Va(w,7°w) and Gauss' law. □ 

One can find unique advanced and retarded fundamental solutions for the Dirac equation, both 
for spinors and cospinors [551 HI] ■ 

Theorem 3.10 There are unique natural transformations : Cf^ o Dq => C°° o Dg and : 
Cg° o D5 ^ C°° o T>* such that o P ^ P o = k, o P^ = P^o = k and such that for each 
u e Cg°{DoM), V e C^{D*M) we have supp(S'±M) C J±(supp(u)), supp(5±w) C J±(supp(u)). 
Moreover, 

S^o ''oS^ Sto ''oSt, 



C 1 



)(,>o(l®^±) = / o{,)o{S^®l). 



Proof. The components of and are the advanced (— ) and retarded (+) fundamental 
solutions for P and Pc, which are given by := {i'^+m)E^ and :— {—iJ/+m)E^ respectively, 
where are the unique advanced and retarded fundamental solutions for the normally hyperbolic 
operator (i^ + m)(— iy + m) = {—i'^ + m){iy/ + m) = + m^. We refer to [Hj Theorem 2.1 for 
a detailed proof of the existence and uniqueness of these operators (see also |2 for the existence 
and uniqueness of E"^). 

The naturality of 5'^ and follows from their uniqueness and the naturality of P and Pc. In 
detail: for every morphism x- SMi^ SM2 and every / € {DqMi) the unique smooth solution 
to Pu = x*f on M2 with supp(w) C {snpp{x* f)) pulls back to a solution v :— x*u oi Pv — f on 
Ml with supp(w) C J^(supp(/)). By uniqueness we must then have u = S^x*f ^-nd x*it = S^f, 
i.e. x* ° ° X* — ■ The same holds for cospinors. The commutation of and with charge 
conjugation and adjoints follows from equation 

For arbitrary u € C^{DqM) and v € C^iD^M) we can find a G C^{M) which is identically 
1 on the compact set supp(S'^M) fl supp(S';f w). We then compute: 

{v.S^u) = [ (PcSjv,(j}S^u) = [ {S^v,P(t)S 

M Jm Jm 

{S^v,<pPS^u) = / {Sfv,u), 

which proves the last claim. □ 

We define the advanced-minus-retarded fundamental solutions S := S" — and Sc ■— — , 
which are natural transformations S : Cg° oDq C°° oDq and Sc ■ Cg" oD^ C°° oD^ respectively. 
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3.4 The non-uniqueness of the functorial Dirac structure 



We have seen that the (standard) structure of Dirac spinors and cospinors, adjoints, charge conju- 
gation and the Dirac operator is entirely determined by the functor Dq and the natural equivalences 
+ , and 7. We formalise this with a definition: 

Definition 3.11 By a Dirac structure V := (D,+ ,^ ,7) we mean a locally covariant spinor bundle 
D with a dual bundle D*, natural equivalences +:D<^D*, '^;D<J^D, and '^:D*<=>D* in QJ*Buni)R 
and a natural transformation 7 : D =5> T* (g) D m 5JQ3un5c, all of whose components cover the 
identity morphism and satisfying the relations ^ and {'jsMiv'^ ,v),n) > for every time-like 
future pointing vector n G TM . 

We call Vq '■— (Dq,^ ,7) of Theorem \3.6\ the standard Dirac structure. 

The category J) ©true has all Dirac structures as objects and its morphisms t : Vi — > I?2 are 
all natural transformations : Di D2 whose components are injective morphisms covering the 
identity morphism and intertwining the adjoints, charge conjugation and 7 as follows: 

+^ot = to+\ ''^ot = to''\ 72 O (t(g)t) = 71. 

For each Dirac structure one can perform the constructions of subsection l3.3l Because the Dirac 
algebra D has a unique irreducible complex representation one might expect that the category 
J)6truc admits a corresponding unique initial object, perhaps up to isomorphism. This is an 
object from which there exists a morphism into any other object. However, as we will explain in 
this subsection there is a certain cohomological obstruction of the category 6&pac involved. We 
will first consider the standard Dirac structure, which would be a good candidate for an initial 
object, and prove the following weaker property: 

Proposition 3.12 Any morphism t from a Dirac structure V to the standard Dirac structure Vq 
is an isomorphism. 

Proof. Let t-.V-^V^ be a morphism. By the injectivity of the components of i : D ^ Dq we see 
that the complex dimension of the fiber of DM is at most four. On the other hand, the vector 
bundles DM are modules for the Dirac algebra represented by 7. Because this algebra is simple, 
and because equations ([4]) exclude the trivial representation, we find that DM must have complex 
dimension at least four. Therefore, t;D=^Do must be a natural equivalence and it follows that 
t:'D—f'Do is an isomorphism. □ 

Corollary 3.13 // we construct a Dirac structure analogous to Vq, but using a different 
representation n and matrices A,C, then 7)^^ is isomorphic to Vq. 

Proof. Because we use the same representation on all spacetimes we can construct a natural 
equivalence t : <^ I?o whose components are of the form tsM{[E, z]) ■— [E, Lz] for some L S 
GL(4, C) which is independent of SM (cf. Theorem [33]) . □ 

Corollary 3.14 IfD :— (Dq,^^ j*^^ ,7') is any Dirac structure with the standard locally covariant 
Dirac spinor bundle Do, then V is isomorphic to the standard Dirac structure Vq. 

Proof. At each point x in each object SAI we can view 7^ as matrices that represent the Dirac 
algebra in a representation tt. Using the Fundamental Theorem 12.21 we write 7^ = L^aL^^ for 
some L{x) G GL(4, C). As 7^ is well-defined on Dq we must have 7ro(5')7^7ro(5'^-^) = 7^A^^(5') 
for all S G Spin°3. This also holds for the matrices 7, so we conclude from the Fundamental 
Theorem that 7ro(5)i(x) = c(a;)i(a:)7ro(>S'), where c = 1 bytaking S = I. We can now define a 
natural equivalence t :Do <;=^Do by [E, z] ^ [E, L{p{E))z] such that j' o t — t o If we also define 
+^ := t 0+1 ot^^ and :— t 0^1 ot^^, then V (Dq,^^ ,7) <^ "Dq, where the last equivalence 
follows from the previous Corollary. □ 

In fact, the proof of CoroUarv 13.131 shows that for any SM the quadruple (DM,+ ,'^,7) is 
unique up to an isomorphism tsM, if DAI has four dimensional complex fibers. The isomorphism 
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tsM itself, however, is only unique up to a sign. In other words, on each spin spacetime we find a 
discrete Z2-symnietry that preserves all physical relations 

Consider two Dirac structures T) and T)' whose locally covariant spinor bundles D and D' have 
four dimensional complex fibers. Comparing the action of these functors on niorphisms of 66pac 
one finds a diagram that commutes up to a sign. The existence of an initial object in the category 
2)6truc then boils down to the question whether one can choose signs for all spin spacetimes SM 
in such a way that all the diagrams commute. The answer is not at all obvious, but can be neatly 
formulated in terms of the first Stiefel- Whitney class of the category 66pac. To explain this we 
will briefly recall the definition of cohomology groups for categories (cf. 33 ). 

If <L is any category, we can first build a simplicial set from it called the nerve of the category 
(cf. |38|V A 0-simplex is simply an object of £, a 1-simplex is a morphism between two objects, a 
2-simplex is a commutative triangle, etc. We will write I]„ for the set of all n-simplices. For n > 1 
every n-simplex has n+1 faces, which are described by maps dj : I]„ — s- Sn-i, < j < n, which 
remove the j*"^ vertex from the diagram. 

To find the cohomology of € with values in an Abelian groutJ^ G, we define an n-cochain with 
values in G to be a map u : E„ — > G. We denote the set of n-cochains with values in G by G"(G) 
and we define the cohoundary map d:C^{G)^C^'^^{G) by 

n+1 
3=0 

where we have written the group operation of G additively. One checks that = and defines 
V to be closed iS dv — and exact iS v — dt for some {n — l)-cochain t. The sets of closed 
and exact n-cochains are denoted by B'^{G) and 2'"(G), respectively. They inherit an Abelian 
group structure from G and because Z'^(G) C B"{G) is necessarily normal one can define the j^^ 
cohomology group as the quotient H^{G) :— B^{G)/Z^{G). 

Now let us return to the study of Dirac structures. Suppose that V and V both have four 
dimensional complex fibers. Without loss of generality we may assume that both Dirac structures 
coincide on each spin spacetime, but the action of their locally covariant spinor bundles on a 
morphism x agrees only up to a sign v{x) S {il}- We can view v : x ^ ^{x) as a 1-cochain on 
the category 66pac with values in Z2 = {0, 1}, where corresponds to +1 and 1 to —1). Notice 
that for a composition of morphisms X = Xi o ^2 we find v{x) = vixi) + ^(Xa) in ^2, because the 
Dirac structures are both functorial. In cohomological terms this means precisely that dv = 0. 

If there is a natural equivalence t'.V ^T>' , then the components tgM are automorphisms of 
the Dirac structure at each SM , i.e. tsM = ±1, that compensate for all the minus signs in v. If 
we view t as a 0-cochain with values in Z2, this means exactly that v = dt. So we have proved: 

Theorem 3.15 The number of inequivalent Dirac structures whose locally covariant spinor bun- 
dles have four dimensional complex fibers equals the number of first Stiefel- Whitney classes of the 
category &&pac, i.e. the number of elements in H^(Z2)- 

Remark 3.16 For scalar and vector fields the problem above can be avoided in a natural way. 
Taking C\_ in the defining (four-vector) representation, the vector bundle associated to F^M is 
just the tangent bundle TM . A morphism in Spac determines a unique morphism on the tangent 
bundle, so no topological obstructions occur. Similarly for the scalar field, where one uses the trivial 
one dimensional representation of C\_, whose associated vector bundle is A°(M) = M x R. Again 
a morphism in OJlan" automatically determines a unique morphism on these associated vector 
bundles, now by the requirement that the volume element is preserved. 

In general one is dealing with representations of Spin^ 3 and associates to each morphism in 
S6pac an intertwining operator between such representations. For the associated vector bundles of 
SM , the physical requirements that we imposed on the bundle morphisms, concerning the adjoint 

^^This may be compared to [6], who use complex spinor structures and then find a local (gauge) symmetry instead 
of our more restricted global symmetries. 

^^|33| also considers the non- Abelian case, which is much more involved. 
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and charge conjugation maps and 7, reduce the intertwiners exactly to a choice of lifting C\_ to 
its double cover. In this way it leads to the same first Stiefel- Whitney class that characterises 
the number of spin structures on a manifold. For the general case it is expected that one needs a 
non-Abelian cohomology theory to quantify the obstruction for finding initial objects. 

4 The locally covariant quantum Dirac field 

After our discussion of the classical Dirac field in section [3] we now turn to the quantum Dirac 
field, its construction, its Hadamard states and its relative Cauchy evolution. 

4.1 Quantisation of the free Dirac field 

First we will quantise the free Dirac field in a generally covariant way and establish some of its 
properties. For this purpose we also present the main ideas of locally covariant quantum field 
theory as introduced in [4] (see also pSj). 

In the following any quantum physical system will be described by a topological *-algebra A 
with a unit /, whose self-adjoint elements are the observables of the system. An injective and 
continuous *-homomorphism expresses the notion of a subsystem, whereas a state is desccribed 
by a normalised and positive continuous linear functional w, i.e. uj{A* A) > for all A G ^ and 
= 1. The state space of A is the set of all states and is denoted by yl*^. Every state gives rise to 
a GNS-representation tt^ (see [3^ Theorem 8.6.2.), which is characterised uniquely, up to unitary 
equivalence, by the GNS-quadruple (tTi^, Tii^, ft^^, S^uf)- Here Ti,^ is the Hilbert space on which iTi^{A) 
acts as (possibly unbounded) operators with the dense, invariant domain :— 'k^^{A)VI^^. The 
vector r2„ is cyclic and satisfies ^JJ{A) = 7r„(A)f2;j) for all A€ A. 

The collection of all systems forms a category TStIg: 

Definition 4.1 The category T2l[0 has as its objects all unital topological * -algebras A and as its 
morphisms all continuous and injective * -homomorphisms a such that a{I) = I. 

A locally covariant quantum field theory is a (covariant) functor A : S6pac — > T2l[g, written 
as SM ^ Asm, ct.x- 

A locally covariant quantum field theory A is called causal if and only if any pair of morphisms 
ipi-.SMt^SM, i = 1,2, such that^i{Mi) C ('(/'2(A^2))^ in M yields [a^^[AsMi),am^{AsM2)] = 
{0} in Asm- 

A locally covariant quantum field theory A satisfies the time-slice axiom iff for all morphisms 
■0 : SMi — > SM2 such that ip{A4 1 ) contains a Cauchy surface for M.2 we have a^i, {As Mi ) = Asm2 ■ 

Notice that the condition ?/;i(Ali) C (V'2(A^2))^ is symmetric in i — 1,2. The causality 
condition formulates how the quantum physical system interplays with the classical gravitational 
background field, whereas the time-slice axiom expresses the existence of a causal dynamical law. 

We now fix a choice of Dirac structure T) :— (D,+ , 7), in order to turn the free Dirac field into 
a locally covariant field theory. Because we want to impose the canonical anti-commutation rela- 
tions it will also be convenient to quantise spinor and cospinor fields simultaneously by introducing 
the following terminology: 

Definition 4.2 The locally covariant double spinor bundle is the covariant functor D © D* . We 
define the following natural equivalences and natural transformations on this bundle, indicated by 
their components at SM : 



A double spinor (field) is an element of C°° {DAI Q) D* M) . A double test-spinor (field) is an 
element of C^{DM (S D* M). The adjoint, charge conjugation and other operations are defined 



{p®qy ■.^p''®q'' 
R{p®q) ■.^p(S){-q). 



{p®q)+ q+ ®_p+ 
{p®q,p'®q') ■■={p'^,p) + {q\q'^) 
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pointwise. We also define the operator P := P®Pc, its advanced (—) and retarded (+) fundamental 
solutions S^{u ® v) := {S^u) © (S^v) and S :— — 5*+. 

The exterior tensor product Vi Kl Vi of two vector bundles Vi with fiber Vi over manifolds Mi, 
i — 1,2, is the vector bundle over A^i x A^2 whose fiber is Vi V2 and whose local trivialisations 
are determined by (Oi x O2) x (^1 <X) V2), where Oi x Vi are local trivialisations ofVi. 

The Dirac Borchers-Uhlmann algebra J^gj^f on a spin spacetime SM is the topological * -algebra 

^Im ■■= ®^^oCS°iiDM ® D*Mf"), 
where the direct sum is algebraic (i.e. only finitely many non-zero summands are allowed) and 

1. the product is given by continuous linear extension of fi ■ /2 := /i Kl /2, 

2. the * -operation is given by continuous antilinear extension of 

(/iK...K/„)* := f+M...Mf+, 

3. as a topological vector space J^gj^j is the strict inductive limit Tg^^j — U]^^q®^^qC^{{DMQ) 
iD*M)^"|^x7i), where Kn is an exhausting and increasing sequence of compact subsets of 

A4 and the test-section space of the restricted vector bundle {DAI © Z)*M)^"|^xti is given 
the test-section topology. 

The topology of Tgjyj is such that a state is given by a sequence of n-point distributional sections 
ujn of {DM © D*M)^"-. A morphism x '■ SMi SM2 in S6pac determines a unique morphism 
a-^ : ^sMi ^ •^SM2 that is given by the algebraic and continuous extension of the morphism 
DMi © D*Mi DM2 © D*M2 that is supplied by the functor D. Together with this map on 
morphisms the map SM 1-^ ^sm becomes a locally covariant quantum field theory : 66pac— ^ 
TSltg. Our next task will be to divide out the ideals that generate the dynamics and the canonical 
anti-commutation relations. 

We define the natural transformation (, ) : (C[f o (D © D*)) (g)R (Cif o (D © D*)) ^ C whose 
components are the sesquilinear forms: 

(/i,/2) / {fi,RSf2). 

J M 

Note that this is indeed a natural transformation, because it can be written as a composition of 
natural transformations including J, (,), + and k. 

Lemma 4.3 On each object SM the sesquilinear form (,) is Hermitean, (/i,/2) = (/ij/2) = 
(/2,/i); and there holds (/i*",/^) = (/2,/i)- For any spacelike Cauchy surface C C M with future 
pointing unit normal vector field we have 

{UI®VI,U2®V2)^ f {{Sui) + ,i{Su2)) + {SaV2,i{ScVi) + ). (10) 

Jc 

Proof. The symmetry properties follow straightforwardly from the computational rules of Theo- 
rems [3]6] and [OOl For the last statement we also need a partial integration (see e.g. [42J equation 
(B.2.26) for Gauss' law) and we use the Dirac equation: 

{Ui © Vi,U2 © V2) 

= I [ {PcS-U+, SU2) {PcS-V2,Sv+) + I f {PcStu+, SU2) + {PcStv2,Sv+) 

= - / Va{S-U+,-i-Su2)+Va{S-V2,l''Svt) 
Jj+{C) 

- [ Wa{Stu+,rSu2) +Wa{Stv2,rSv+) 

Jj-{C) 
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Jc 

{{Sui)+,i{Su2)) + {ScV2,i{ScVi) + ). 

□ 

From equation (fTU]) we notice that (, ) is positive semi-definite and hence defines a (degenerate) 
inner product. We proceed by dividing J-gj^ by the closed ideal Jsm of generated by all 

elements of the form Pf or • /2 + /2 • ft - {.fi,h)I- 

Theorem 4.4 The ideal Jsm is a * -ideal and for any morphism x ■ SMi — > SM2 we have 
c^xi'-^SMi) C JsM2- can define the locally covariant quantum field theory F : S6pac— s- TSllg 
which assings to every spin spacetime SM the C* -algebra J-'sm J^sm/'^sm- 

Proof. The elements that generate Jsm sue invariant under adjoints and under a morphism 
they are mapped to elements of the same form. This proves the first statement. It follows that 
the quotients J^sm/^sm are topological *-algebras and that a morphism : J-^Mi ~^ ^SMi 
descends to the quotients as a well-defined morphism. That each algebra J^sm/-^sm has a C*- 
norm follows from the fact that they are the inductive limits of finite dimensional Clifford algebras 
([!]). The morphisms on the quotients are necessarily continuous in the norm and therefore extend 
to morphisms on the C*-algebras Tsm- D 

Definition 4.5 A locally covariant quantum field in the locally covariant vector bundle V for the 
locally covariant quantum field theory A is a natural transformation $ : o V* f o A, where 
we let f :T2l[g— ^T^Jec be the forgetful functor. 

We define the locally covariant quantum fields i? : D (g) D* ^F, ^p: D* F and tf)^ : D ^ F by 
BsMif) :=0®/©0©... + Jsm, ^sm{v) := Bsm{0 ® v) and V-smI") — Bsm{u ® 0). 

That the latter really arc locally covariant quantum fields is a consequence of 

Proposition 4.6 The operator-valued maps Bsm,^sm,'4'sm ^'^^ C* -algebra-valued distributions 
and: 

1. Poi/j = and PcOtl;+ =0, 

3. {^sMi'^)T'^SM{v)} = {v^ (B 0,u (B 0)1 = —iJj^.j{v,Su)I and the other anti-commutators 
vanish. 

Proof The first item is PBsM{f) = BsM{P*f) = BsM{Pf) = 0, where P* is the formal adjoint 
of P. The last two items follow from the definitions of ipsM and '4'~sm ^'^'^ properties of Bsm 
after a straight-forward computation. 

It remains to show that ipSMjfpsM ^-'^^ C* -algebra- valued distributions, because the result for 
Bsm then follows. The C*-subalgebra of Tsm generated by /, ipsM{v),ip{v)gj^,j is a Clifford algebra 

which is isomorphic to M(2,C) and an explicit isomorphism is given by iPsm{v) ^ q ^ 

where c = {0®v,0(Bv) — —i Jj^.jivj Sv^) > 0. It follows that || V'SAf('f)|| —y/cis the operator norm 
of the corresponding matrix, i.er^l 

Usm{vW^-i f {v,Sv+)dvolg. 

J M 

In the test-spinor topology we then have continuous maps u 1— > u © i-^- — i Jj^{v, Sv^), from 
which it follows that v ipSMiv) is norm continuous, i.e. it is a C*-algebra- valued distribution. 
The proof for V'sm analogous. □ 



^The factor 2 in |17| Remark 2, p. 340 seems to be erroneous. 
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Note that the last two conditions of Proposition 14.61 can also be formulated in terms of natural 
transformations, because the algebraic operations in Tsm can be expressed as such. The theory 
F is the quantised free Dirac field and V' (V'^) is the locally covariant Dirac (co)spinor field. 
Alternatively we could have used the algebras J'sm / ^SM themselves instead of completing them 
to C*-algebras. 

To see that the anti-commutator is the canonical one (cf. [28]) we apply Proposition 2.4c) of 
|14j . which says that S\cxc = —i6i^ for a Cauchy surface C with future pointing normal vector 
field n. Comparing with equation ([8|) and using t/i"^ — I we then find 

{-^^SMiii^))^'4'SM{y)} = - / {y,Siix)I ^ i5{y,x)I 

J M 

as expected. 

So far our construction depends on the choice of a Dirac structure, although naturally equiva- 
lent Dirac structures yield naturally equivalent theories and quantum fields. The following theorem 
restricts attention to the observable algebra, dividing out the freedom of choice completely and 
yielding a unique theory, but for many purposes it is not convenient to use it directly because it 
lacks locally covariant Dirac (co)spinor fields. 

Theorem 4.7 Let B : 66pac^ TSllg be the locally covariant quantum field theory that assigns 
to each spin spacetime SM the C* -subalgehra of J-'sm generated by all even polynomials in ele- 
ments B{f), with the induced action on morphisms. For all Dirac structures with four dimensional 
complex fibers the resulting theories B are isomorphic. 

Proof. The algebras Bsm generated by the even polynomials are C*-algebras. Morphisms respect 
evenness and so restrict to morphisms on B, making B a well-defined locally covariant quantum 
field theory. Now consider two Dirac structures V and Vq with associated functors F,B and 
Fo,Bo. If both Dirac structures have four dimensional complex fibers, then we infer from the 
comment below Corollary 13. 131 that there are *-isomorphisms asM -^sm ^ {J'q)sm such that for 
any morphism x ■ SMi ^ SM2 we have asM2 ° = ' ('^o)x ° o^SMi , where = ±1 depends only 
on X- It follows from the evenness that the asM descend to *-isomorphisms asM - Bsm ^ iBo)sM 
that intertwine with the morphisms. Hence, B and Bg are naturally equivalent. □ 

Proposition 4.8 The locally covariant quantum field i/ieori/ B : SSpac— >'J2l[g of Theorem \4-. 7| is 
causal and satisfies the time-slice axiom. 

Proof. Causality follows from the anti-commutation relations, 

[BsMifl)BsMif2),BsM{f3)] 
= BsAlifl) {BsM{f2),BsM{f3)} ~ {BsM{fl),BsM{f3)}BsM{f2) 
= (/2, f3)BsM{fl) - {fl, f3)BsM{f2), 

together with the support properties of S. For the time-slice axiom we let x ■ SM — > SM' be a 
morphism in &&pac, covering a morphism i/j : M ^ M' in ©pac, such that N := ip{M) C M' 
contains a Cauchy surface C C M' . Then we can choose Cauchy surfaces C N such that C 
/=^(C) and a smooth partition of unity <;!)+,(/)" with supp 0=^ C J=^(C=F). Let / e C^(DM®D*M) 
and write 

f = P{S+f-4>+Sf) + f, (11) 

where / := P{(t>+Sf) = -P{<t)-Sf ) is supported in J+(C-) n J-{C+) C N and - S+ f has 

compact support. Hence, BsMiif) = BsM^if) = «x(^SAfi (x* (/)))■ Because the algebra Tm' is 
generated by such elements this shows that is a ^-isomorphism. □ 

Remark 4.9 A Majorana spinor is a spinor u such that u — u'^ . In this case the adjoint is anti- 
Majorana: — — — — m+. We call a double spinor f — u ® v Majorana iff u and are 
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Majorana, which means that f = Rf. Such spinors are sections of a suhhundle of the Dirac spinor 
bundle, which can be described by a Majorana representation. Notice that every spinor is a unique 
complex linear combination of Majorana spinors. 

To quantise Majorana spinors we note that {h'^,f) — This leads us to define the 

charge conjugation on the quantised fie/rfi^ by •ip''{v) := ip~^{v'^'^) and := ipiu'^'^), or 

equivalently B'^{f) :— B{f'^^) = B{f'^)* . We impose the Majorana condition B'^{f) = B{Rf) by 
dividing out the ideal generated by all elements of the form B{f — Rf^^). More precisely, if TL 
is the Hilbert space obtained from C^{DM ® D*M) by dividing out the ideal of double spinors 
f for which {f , f) — 0, then there is an orthogonal decomposition Ti. = 7i+ Ti--, where the 
elements in TL± satisfy Rf'^'^ — ±/. Indeed, every double spinor can be written as f — f-^- + if-, 
where f± :— ^(/ ± Rf^^) «re in 'H± and the orthogonality follows from Lemma \4-^ For the 
C* -algebraic quantisation we then have T = J-^ ® where JF_ is the C* -algebra of quantised 
Majorana spinors andT^ the C* -algebra of quantised anti-Majorana spinors (see section 5.2). 
The generators ip{v) and of satisfy the additional relation ip'^ = ijj and ip'^'^ — —ip'^. 

4.2 Hadamard states 

After Radzikowski's result [32] that a for a scalar field state is of Hadamard form if and only if its 
wave front set has a certain form, several people set out to extend this result to the Dirac field, or 
more general quantum fields [261 1221 134j . All three papers have provided an original contribution 
in their method of proof, but upon careful analysis they all have minor gaps. We feel that it is 
justified to comment on this here and to provide the necessary results to fill any remaining gaps. 

The most general results are the most recent ones, due to Sahlmann and Verch [SJ, who set 
out to prove the equivalence of the Hadamard form of a state, defined in terms of the Hadamard 
parametrix, with a wave front set condition analogous to the scalar field case. One of the techniques 
used is the scaling limit, but the proof of their Proposition 2.8, which relates the wave front set of 
a distribution to that of its scaling limit, is in our opinion insufficient (see the footnote on page 
I28p . In the appendix we prove a similar statement as Proposition IA.21 thereby filling any gap 
in [34] and establishing the desired equivalence on a firm ground. For the Dirac field, Hollands 
has proved that this wave front set condition implies a specific form of the polarisation set ([23] 
Theorem 4.1). 

The scaling limit result can also be used to find the wave front sets of the advanced and retarded 
fundamental solutions of normally hpyerbolic operators on a globally hyperbolic spacetime, a 
result that we prove as Theorem IA.5I Our proof is largely analogous to the work of Radzikowski 
and the outcome is in direct analogy to the results of Duistermaat and Hormander [15] for the 
scalar case. To find the wave front sets of the fundamental solutions for the Dirac equation we 
use (and correct) an idea of [23] . 

Finally we comment on the results by Kratzert [26], which use a spacetime deformation ar- 
gument to compute the wave front set and polarisation set of Hadamard states. This result has 
a gap, already identified in |34j . concerning the case of points {x,(,]y,^') where either ^ = 
or ^' — 0, which prevents the propagation of the singularity from the original to the deformed 
spacetime. This gap can be avoided using either a propagation of Hadamard form result as in 
[34], or using the commutation or anti-commutation relations and the explicit form of WF(E), 
respectively WF{S). The latter argument, which appears to be implicit in Radzikowski's paper 
[32] . works as follows: when (a:,^;y, 0) £ WF{u}2) then also {y,0;x,^) e WF{llI2) by the (anti- 
)commutation relations and the fact that WF{E) (or WF{S)) has no points with either entry 
equal to 0. Using the calculus of Hilbert-space-valued distributions. Theorem IA.4[ we then find 
that both {x,^;x,—^) G WF{uj2) and (a;,— ^;a;,^) G WF{ll}2). Because C (by definition the 
wave front set does not contain the zero covector) these points can both be propagated into a 
deformed spacetime, where WF(uj) is known to satisfy the required microlocal condition. This, 
however, leads to a contradiction, because WF{uj2) n —WF{uj2) = and hence ^ = 0. Therefore, 
WF{uj2) cannot contain points with one of the covectors equal to 0. 

'^^Our definition differs slightly from that of 
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After these historical notes we feel free to define the notion of Hadamard states directly in terms 
of a wave front set condition, rather than using the Hadamard parametrix. If w is a state on Tsm 
then we may consider the GNS-representation {TLui,i^ui,^uj) associated to uj and the Ti^j-valued 
distribution on DM © D*M defined by: 

vM) ■■=n^iBsMif))n^. 



Definition 4.10 A state lo on J-su is called Hadamard if and only if 

WF{v^) = 7V+ := {(x,^) e T*M\ f = 0, C is future pointing or O} . 

A state LO on Bsm is called Hadamard if and only if it can be extended to a Hadamard state on 
^SM- The set of all Hadamard states on Bsm will be denoted by Ssm- 

Note that every state on Bsu can be extended to Tsm, by the Hahn-Banach Theorem and 
Proposition 14.61 The Hadamard condition is independent of the choice of extension, because it 
depends solely on the two-point distribution as the following proposition shows (cf. [Ji], we give 
a short proof using the more advanced microlocal techniques developed in the appendix). 

Proposition 4.11 For a state uj on Tsm the following conditions are equivalent: 

1. LO is Hadamard, 

2. WF{v^) C A/'+, 

3. the two-point distribution uj2{fi, f2) '■— ^{BsM{fi)BsM{f2)) has 

WF{u:2)=C:= { (x, y, G T* M''^ \ Z\ {x,i) ^ (y, C'), (a^, ^) e AA+ } , 

where {x, ^) ~ (y, if and only if there is an ajfinely parameterised light-like geodesic from 
x to y to which ^, ^' are cotangent, 

4-. there is a two-point distribution w such that W2(/i, /2) ~ iw{Pfi, f2) and WF{w) — C . 

Proof. First note that L02 is a bidistribution on DM ® D*M, because Bsm is an JF^ ^./-valued 
distribution and multiplication in Tsm and to are continuous. By Theorem lA.4l the third statement 
implies the first, which trivially implies the second. To show that the second statement implies the 
third we use the argument of 39J, Proposition 6.1. By Theorem I A.4I we see that WF{uj2) C A/"" x 
7V+, where TV" := -Af+ . Defining (Dzl/i, /2) := c^2(/2, /i) we find WF{Q2) n WF{lo2) = 0. Now, 
{lo2 + Cd2){fij2) = I Jj^j{fi,RSf2), so WFiL02) U WF{[02) = WF{S) = WFiE) by Proposition 
EZland hence WF{lo2) = WF{E)nAf- x Af+ ^ C hy Corollary EH 

Now, assume that waC/i, /2) = iw{Pfi, f2), where WF{w) = C. Then WF{uj2) = WF{{P* ® 
I)w) C WF{w) = C. It follows that WF{v^) C A/'+. For the converse we suppose that lo is 
Hadamard and we choose a smooth real-valued function 0+ on M such that = to the past of 
some Cauchy surface C_ and such that (j)" := 1 — 0+ = to the future of another Cauchy surface 
C+. We then define w(/i,/2) := —iL02{4''^S~fi + (f)^ fx, f2)- Note that w is a bidistribution 
which is well-defined, because (j)'^S~fi and 'p^S'^fi are compactly supported. By construction 
iw{Pfi, f2) = t^2(/i,/2)- We now estimate the wave front set of w as follows. The wave front 
sets of are determined in Proposition IA.7I Then we may apply Theorem 8.2.9 and 8.2.13 in 
[24] (in combination with equation (fT7|) ) to estimate the wave front sets of the tensor products 
(j)^{x)S^{x, y)6{x', y') and the compositions in iw{x,x') — J2± I ^2(2/, y'){(p^ {x)S^ {x, y)S{x' , y')) 
respectively and, using WF{uj2) — C, we find: 

WF{iw) C U±WF{S^ ®6)o WFiL02) C WF{lo2) = WF{{P* ® I)w) C WF{w), 

i.e. WF{w) = WF{lo2) =C. □ 
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The second characterisation in Proposition 14.111 is especially useful, because it shows we do 
not need to compute the entire wave front set, as long as we can estimate it. Employing similar 
techniques as above one can use the anti-commutation relations and the wave front set of uj2 to 
estimate the wave front sets of all higher n-point distributions [35] . showing that a Hadamard 
state necessarily satisfies the microlocal spectrum condition (/xSC) of [5^ and it follows that the set 
of such states is closed under operations from the algebra. We formulate this and other properties 
of Hadamard states in the following 

Proposition 4.12 The set Ssm of all Hadamard states on Bsm satisfies: 
1. q;*(5smi) C Ssm2 for every morphism x'-SMi^ SM2, 
2- Ssm is closed under operations from Bsm, 

3. a*(iSsMi) = SsM2 for every morphism x'-SMi^ SM2 such that ?/;(A^i) contains a Cauchy 
surface o/A^2- 

Proof. The first property follows from Theorem l4. 1 1 1 and the fact that wave front sets are local and 
geometric objects (cf. [23] Ch. 8). The second property relies on the anti-commutation relations, 
which implies that the truncated n-point distributions are totally anti-symmetric (cf. [351 136] ). 
The final property follows from the second characterisation in Theorem 14. 11[ equation (fTT)) in the 
appendix, the equation of motion and the Propagation of Singularities Theorem for the wave front 
set, which in this case follows from the propagation of the polarisation set [12] ■ □ 

One can also prove that the state spaces are locally physically equivalent [16] and that all 
quasi-free Hadamard states are locally quasi-equivalent [SJ. Whether the latter remains true for 
all Hadamard states appears to be unknown. 

We conclude this section with the remark that the functor S : 66pac T2Jec defined by 
SM ^ Ss M and (restricted to the relevant state space) is a locally covariant state space 

for the theory B [4] . 

4.3 The relative Cauchy evolution of the Dirac field and the stress- 
energy- momentum-tensor 

Now that we have a locally covariant free Dirac field at our disposal we will investigate the idea 
of relative Cauchy evolution for this field and prove that it yields commutators with the stress- 
energy-momentum tensor. This result is completely analogous to the result for the free scalar field 

of a. 

Suppose that we have two objects A/q — {M, go, SMo,po) and Afg = {M, g, SMg,pg) in66pac, 
where A4 is the same in both cases and such that outside a compact set iiT C we have g = go, 
SMg = SMq and pg = po- Now let C Mq be causally convex open regions, each containing 
a Cauchy surface for A/q, such that K lies to the future of (i.e. K C J^{N^) \ in Mq 
and hence also in Alg) and to the past of iV+. We view as objects in 6&pac and consider the 
canonical morphisms : Mq and : Mg. By the time-slice axiom. Proposition 14. 8i 

these give rise to ^-isomorphisms -Bn^ -^Bm,, and I3^:Bn± -^Bm^- We then define 

The *-isomorphism j3g :Bmo ~^^Mn measures the change in an operator A e Bpf- as it evolves to 
in the metric g instead of 50 O Pg can be extended to a ^-isomorphism of the algebra Tmq, 
where we fix the signs for the isomorphisms between the spinor bundles involved by identifying the 
double spinor bundles over C Mo and C Mg. It represents the relative Cauchy evolution 
of the free Dirac field. 

■^"in [2] it seems the authors have the scattering of a state in mind as it passes through the perturbed metric, 
which leads them to consider the *-isomorphisms Pg-i rather than Pg. When we take the variation w.r.t. g this 
gives rise to a sign. 
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We will want to compute the variation of the ^-isomorphism j3g as well as that of the action 
for the free Dirac field with respect to the metric g. For this purpose we will suppose that the 
compact set K <Z M has a contractible neighbourhood O which does not intersect either . Let 
e i-^- (?£ be a smooth curve from [0, 1] into the space of Lorentzian metrics on Ai starting at go and 
such that = g^ outside K for every e. The spin bundle S'Af^ must be trivial over the contractible 
region O. If we assume it to be diffeomorphic to S'A/q outside K we can simply take SM^^ = SMq 
as a manifold and, choosing a fixed representation and matrices A, C, we obtain DM^ — DM. 

The deformation of the spin structure is contained entirely in the spin frame projection tt^ : 
SMq FM^. Let £' be a section of 5Afo over O and set (ee)a := tt^{E). We require that 
varies smoothly with e and that (ee)a = (eo)a outside K. To show that projections tt^ with 
these properties exist we can apply the Gram-Schmidt orthonormalisation procedure to (eo)a for 
all e simultaneously. The assignment i— > determines completely, using the intertwining 
properties. The family of frames determines principal fiber bundle isomorphisms FM^^ FMq 
between the frame bundles by 

K ■■ {{ee)a} {(eo)a} 

on K and extending it by the identity on the rest of M . By definition /<: intertwines the action of 
C\_ on the orthonormal frame bundles. 

Remark 4.13 There may be many deformations of the spin structure, i.e. many families of pro- 
jections TTg which satisfy our requirements. However, the variation of terms like {v,Peu) will 
not depend on this choice. Indeed, if tt^ is a different deformation of the spin structure, then 
e'^ :— T^'^{E) — i?A,ee — tt^^Rs^E) for some smooth curve in Spin\^. However, using the in- 
variance of (,) under the action of the gauge group Spin^^, the variation will be equal in both 
cases. (Also Su — for every spinor u, because D^M = DM .) In this sense the variation will only 
depend on the variation of the metric. 



4.3.1 The stress-energy-momentum tensor 

The classical stress-energy-momentum tensor for the Dirac field is defined as a variation of the 
action S = Jj^ Cd, with the Lagrangian density (O, with respect to g'^'^{x): 

where ip is a, free classical Dirac spinor, its adjoint. An explicit computation vieldj^ 

T^u = \ ((^+,7(mV.)V') " (V(^V'+,7.)^)) , 

Here the brackets around indices denote symmctrisation as an idempotent operation and in the 
following indices between | . . . | are to be excluded from the symmctrisation. 

Following we quantise the stress-energy-momentum tensor via a point-split procedure, i.e. 
we want to find a bi-distribution of scalar test-functions which reduces to T^^y on the diagonal and 
which can be quantised in a straight-forward way. For this purpose we use a local spin frame Ea 
and recall that the components of 7^ are constant. We define: 

T:,^^.V) \ ((V+,i?A)(:r)7(,^|B|(^^'',<)V,V>(2/) - (ef^V|^^+, i?^|)(x)7fcf ^(i?^, , 

reduces to Tab '■— ea'ej^T^i, in the limit y ~* x. Performing a partial integration, J V^(e^(u, u)) — 0, 
we can write T^j, as a bidistribution of scalar test-functions /ii, /i2, 

T:b(hi,h2) = l{-^+{EAh,h^^^^^j{V^^iE^e^,^h,)) 

+ ij+{^^{elE\A\h^))^btB^{E^h2)) . (13) 



^'^For explicit computations we refer to section 4 of ^18,, who use a Lagrangian that differs from ours by a total 
derivative. Varying with respect to g^i/ would yield the opposite sign. 
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Equation (jl3p can be promoted to the quantised case by replacing ip and ip^ by the components 
ipSM and ipsM corresponding locaUy covariant quantum field. The expression (|13p can be 

viewed as a formal expression for the same distribution with quantised field operators. 

Proposition 4.14 For all f e C^{DM D*M) and h e C^{M) we have: 

f [Tlt,{x,x),BsMif)] h{x)dYo\g{x) = I {iV^aBsM)hb)iSRf)h) - SsM(7(fcV,)(5i?/)/i)} , 
where Va := e^V^. 

Proof. For f ~ u (S v we use Proposition 14.61 to obtain: 

{BsM{f),ib+M{EAh)} ^ ~i I {v,SEAh)I^if {S,v,EA)hI 

JM JM 

{BsM{f),i'SMiV,,E^e'ih)} = -I I (V^,E^e'^h,Su)I [ {E^,ey^Su)hI 

JM JM 

{BsMif),i^hA^^^<EAh)} ^ -I I {v,SV^e^^EAh)I^-i f (e^^V ^S,v, EA)hI 

JM JM 

{BsM{f),i'{E''h)} ^ -i{E^,Su)hI. 
With equation (|13p . the commutation relations and [AB, C] = A {B, C} — {A, C} B this implies 

[T:,{x,y),BsMif)] = l{i'tM(.EA{x)h^^^s\{E'',yb)Su){y) 

+ {ScV,EA){xh^^^s^{\/,^^PsM){E^{y)) 
- i^ia^SMmAl {x))i4b {E"" , Su) (y) 
- {W^,S,v,E^A\){xh,fsi'SM{E''{y))} . 

In this expression we are multiplying distributions with smooth functions, so we may take the 
coincidence limit yielding: 

[Tabi^, X), BsmU)] ^ ^ {V'sM(7(aVfc)(5M)(a;)) + V(fcV5M(^ct'7a)(a;)) 

(a'^SM{lb)Su{x)) - tpSMi"^ (a{ScV)lb){x))} 
= ^ {'^iaBsMhb)SRfix)) - BsM{l(b'^a){SRf)ix))} , 

from which the result follows. □ 
This result can be written for spinors and cospinors separately as: 

/ [Tabix,x),lpSMiv)]h{x)dvo\gix) = {V(aVsM((S'cW)7b)^) - V'SM(V(a(S'cW)7fc)/l)} 

JM ^ 

/ [Tabi^,x),ij+^,f{u)]h{x)dvolg{x) = ^{V(„V5M(7b)5'u/l)-V'SM(7(aVb)(5M)/l)}. 
JM ^ 

4.3.2 Relative Cauchy evolution 

To compute the relative Cauchy evolution explicitly we first note that the isomorphism f3g can be 
characterised in terms of its action on the generators Bi\jg (/) of as follows: 

Proposition 4.15 For f e C^{DN+ D*N+) we have figBaU) = Bo{Tgf), where 

Tgf - Pg^+SgPoCP-Sof. 

Here the subscripts on B , P and S indicate whether they are the objects defined on Mq or Mg 
and the smooth functions (j)± are such that (f>± = 1 to the past of some Cauchy surface in and 
(f>± = to the future of some other Cauchy surface in . 
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Proof. Note that /J" o {p-)-^Bo{f) = Bg{f) for any / e C^{DN' ® D*N-). Similarly, for 
/' e C^{DN+ © i:>*iV+) we have /3+ o {P+)-^Bg{f') Bo(/')- The functions 0±, 1 - 0± have 
been chosen appropriately in order to apply equation (jlip in Proposition 14.81 We then have 
-So(/) = Bo{f), where / :— — Po0-'5'o/- Notice that / indeed has a compact support in . 
Similarly, Bg{f) = Bg{f'), where /' := -Pg4>+Sgf has support in N+ . Hence, for /' = Tgf: 
PgBoif) = PgBoif) = p+ o iP+)-'Bg{f) = p+ o (/3+)-iB,(/') = i3o(/')- □ 
On each spin spacetime AI^ = {A4,g^, SMq, tt^) we can now quantise the Dirac field and obtain 
relative Cauchy evolutions /3e := f3g^ on J-'n^ as before. 

Proposition 4.16 Writing 6 := d,\,=Q we have for all f e C^{DN+ ® D*N+): 

(5(/3,Bo(/))=i3o(i?('5y.)5o/). 

Proof. Using the fact that Bq is a C*-algebra- valued distribution and Proposition 14. 151 we find: 

SiP.Boif)) = S{Bo{Pe^+S,PocP^Sof)) = Bo{S{P,(t>+Se)Po(f'-Sof) 
= Bo('5(P.)0+5oPo0-5o/) + Bo(Po0+<5(5,)Fo0-5'o/). 

Now, because Po'/'-5'o/ G C^{DN- ®D*N~) we see that S{Se)Po(l)-Sof vanishes on J-(iV-) and 
that (j)+d{Se)Po4>-Sof has compact support. Because solves the Dirac equation we conclude 
that the second term vanishes. The first term can be rewritten using equation (fTTj). which yields 
Sf)f = —SoPo{'t>-Sof) and hence: 

6{/3,Bo{f)) = -B„{6{P,)cb+Sof) = -Bo{6{P,)Sof). 

For the last equality we used the fact that 5{Pe) is supported in K, where 0+ = 1. Recall that 
P = (-iy + m) ® {if + m) to get the final result. □ 
To compute the variation of the Dirac operator we may work in a local frame on O, where it 
is supported. Because the Dirac adjoint map is independent of e we only need to compute this 
variation either for spinors or for cospinors: 

Lemma 4.17 For v e C^{D*M) we have 6{f)v = {S{f)v+)+. 
Proof. Because the adjoint operation is continuous we have: 

□ 

It is interesting to note that only the variation of the Dirac operator is of importance for the 
variation of the relative Cauchy evolution, just like for the stress-energy-momentum tensor (cf. 
|18)). It will also turn out that the variation only depends on the variation of the metric and not 
on the other freedom in the variation of the orthonormal frame, even though we are now acting 
on it with the C* -algebra- valued field (cf. Remark I4.13p . This will follow from the proof of the 
following theorem, for which we refer to appendix [BI 

Theorem 4.18 For a double test-spinor f G C^{DMq ® D*Mq) and x G K: 

^-l^^iPgBoif)) = -Bo(^j^PgSof'^=^e^^el[T!,{x,x),Boif)]. (14) 

This result compares well with the scalar field case. Theorem 4.3 in |4]1^ As particular cases we 
obtain for ip and ip~^: 

^ -iPgi^+iu)) = ^e'iel[T!,{x,x),i;+{u)]. 



5g'^P{xy'^'^ ' " 2 
It follows that the same result also holds for products and sums of smeared field operators. 

^^The sign explained in the footnote on page [23] cancels the sign due to the variation w.r.t. g"'' instead of gap- 
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5 Conclusions 



A rigorous formulation of quantum field theories in curved spacetime, going beyond the well- 
known scalar field, is a prerequisite for constructing more realistic cosmological models as well 
as for improving our understanding of quantum field theory in Minkowski spacetime. The main 
purpose of this paper was to present the free Dirac field in a four dimensional globally hyperbolic 
spacetime as a locally covariant quantum field theory in the sense of |4] and to compute the relative 
Cauchy evolution of this field, obtaining commutators with the stress-energy-momentum tensor in 
analogy with the free real scalar field. We achieved this in a representation independent way and 
in a functorial, and therefore manifestly covariant, framework. 

We established some basic properties of the locally covariant free Dirac field and remarked on 
the quantisation of Majorana spinors. We also provided a detailed discussion of Hadamard states, 
closing any gaps in the existing proofs of the equivalence of the definitions in terms of the series 
expansion of their two-point distribution and a microfocal condition, respectively. 

Furthermore we argued that the observable part of the theory is uniqueley determined by the 
relations between adjoints, charge conjugation and the Dirac operator, although the geometric 
constructions themselves may not be unique due to the cohomological properties of the category 
of spin spacetime. On a mathematical level we have consistently replaced a single spin spacetime 
SM by the category 66pac of such spacetimes, and the differential geometry on SM by the 
corresponding functorial descriptions. On a physical level, however, we should not conclude from 
this that 6(3pac is now the physical arena in which our system lives, instead of a collection of 
systems. (See Ch.l of (36) for more detailed philosophical remarks on the interpretation of the 
locally covariant approach.) 
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A Results on microlocal analysis 

In this appendix we will list some results concerning the microlocal analysis of distributions. For 
a detailed treatment of scalar distributions we refer to [24], whereas Hilbert and Banach-space- 
valued distributions are treated in (39. ,36j . More details concerning distributional sections of vector 
bundles can be found in e.g. [21 [Ml HH IMj ■ 

Before we discuss distributional sections of vector bundles we first consider the scaling limit of 
a distribution in an open set of R" : 

Definition A.l Let O be a convex open region O C K." containing 0. For all X > we define the 
scaling map Sx-O-^O by 5\{x) := Xx. 

Let u be a distribution on a convex open region O C M" containing 0. The scaling degree d of u 
at is defined as d :— inf {/3 G [— oo, cxi) | lim^^o X^5\u = O}, where {5\u){f) := X~^u{f o 5^^). 

If := limA^o '^'^'^A^ exists we call it the scaling limit of u at 0. 

Note that the scaling limit may fail to exist (e.g. u{x) = log|a;|) or it may vanish (e.g. if ^ 
supp(u)). On a manifold, we will only consider scaling limits in a certain choice of local coordinates. 
How this limit depends on this choice of coordinates will not be relevant for us. 
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We now prove the following result 
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Proposition A. 2 Let u be a distribution on a convex open region O C M" containing with 
scaling limit u'^ at 0. Then 

{0} X Tr2iWF{u°)) C WF{u), 
where n2 denotes the projection on the second coordinate. 

Proof. Suppose that (0,Co) ^ WF{u) with 7^ 0. We will prove that {x,^o) ^ WF{u°) for aU 
X. By assumption we can choose x G C^{0) and an open conic neighbourhood T C M" of 
such that X = 1 on a neighbourhood of and supp(x) x F n WF{u) — 0. We set v := ^-nd 
:= X'^Slv, where d is the scaling degree of u at 0. Notice that WF{v) n T^^O = WF{u) n T^O 



and 



,0 



lim^^o ^ : so without loss of generality we may prove the result with v replacing u and 



we can view the as compactly supported distributions on all of R". 

Notice that for A > we have S^u^ = X~'^u'^, i.e. is a homogeneous distribution and 
therefore it is tempered ([21] Theorem 7.1.18). We now prove that converges to w° in the sense 
of tempered distributions on R". For this we first write v — X]|Q|<r(~l)'"'^"^a' where r is the 
order of v and the Va are compactly supported distributions of order (see [24] Section 2.1). Note 
that X]|Q|<rf-n(~l)'"'^"'"ct converges to in S, because for every \a\ < d — n and ^ S iS(R") we 
have 

|((-l)l"la"w„)^(0)| = X'^^"\vo,{d°'{(l)oS-^))\ < A''-"-l"ICsup|9"0| 

which converges to as A —> 0. Wc then set w := J2d-7i<\a\<ri~^)^"^'^°'''^a, so that lim^^o — 
as distributions. By the Uniform Boundedness Principle this implies 



H0)| <C ^ sup|9>|, supp(^)ci?i, 

I q| <r 



(15) 



for some C, r > 0, where Bi is the (Euclidean) unit ball and < A < 1. In fact, for A > 1 we also 
have 



|«;^(0)| = A'^-'X0o 5-1)1 <C 



E 

n< \ct\<.r 



d—n — la 



sup 

d—n< \a\<r 



SO the estimate (|15p holds for all A > 0. 

Now let (j) G 5(R") be a function of rapid decrease and choose a partition of unity on R" as 
follows. We let xo € C^(R") be positive such that x = 1 on _Bi and xi^) = when > 2. We 
then set Xm{x) := xo(2-'"a;) — xoi'^^~"^x) and note that: 



1, 



supp(x™>i) C {x\ 2™-i < 11x11 < 2™+!} , 

rn—O 

■ — Xm^P ^nd /i„i ;= 2-™-! and rescale 



where the sum is finite near every point. We define 
in order to apply the estimate p5|l : 



\w 



<C ^ Mt""l"lsup 

|q I <r 



(9" 0m) 



< 



E 

a|<r |/3|<r+n — d 



sup d'^ m > 0, 



(16) 



■^^A similar result was also claimed in |34| , but we find the proof unconvincing. In particular, when localising the 
scaling limit with a test-function xo Eind estimating 



the test-function Xo(j^) becomes singular in the limit A 0. The quoted reference pays insufficient attention to 
this issue. 
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where the last hne uses /im " '"'< (4||a;|| for m > 1, which follows from d — n < \a\ and 
the support properties of Xm- (For m = we simply estimate fi^ " by a constant to arrive 
at the last line of (dH) We now note that maxo, sup^ |3"Xm| < c for some c independent of m, 
as the derivatives only bring out extra factors of 2^™ < 1. Moreover, for m > we notice that 
Xm+i + Xm + Xm-1 = 1 On supp(xm), whcrc wc define X-i 0. Therefore (|16p leads to 

< C2 E E ^'^P \^'^9"'l>\iXra+l +Xm+ Xrn-l) 
\a\<r \p\<r+n-d ^" 

and summing over m > then gives: 

|a|<r \p\<r~\-n—d 

This shows that w'^{(f)) can be estimated by a seminorm on 5(R") uniformly in A. It then follows 
that w° and hence v"^ vP as tempered distributions. Indeed, for any g 5(R") and e > 

we can choose 0' G C^(R") and Aq > such that \w^{(j) - (t)')\ < f for aU A > and < f 

for all A < Aq. 

Fourier transformation is a continuous operation on tempered distributions, so we can compute: 



\uO{n\ = lim A 



< Cn hm A''-" 

A^O 



= Cjv||eir^ limA^+''-" 

A-*0 



for aU ^ in r, aU TV G N and suitable Cn > 0. For N > n - d the limit yields = near ^o- 

We then apply Theorem 8.1.8 in [21], which says that for a homogeneous distribution we have for 
all a; ^ that (a;,^o) e T^F(uO) if and only if (^o,-a;) G WF(^) and also (0,Co) e WF{u°) if 
and only if ^0 € supp(w°). □ 

For a distribution u with values in a Banach space B one can define the wave front set by 
using estimates of the norm ||u(xe*^ )|| , which replace the corresponding estimates of the absolute 
value |w(xe*^ )| for scalar distributions Alternatively, one can use the following equivalent 
characterisation ([35], Theorem A. 1.4): 



WF{u) = Ui(.B'WF{lou)\Z. (17) 

A similar idea works for a distributional section it of a vector bundle V — Ox R™ over a contractible 
region O of R". Indeed, using a basis Ci for with dual basis e' we can identify u with a 
distribution u on O with values in B ^ (R™)', where the correspondence is given by 



= 1 \i=l / i=l 



where (,) denotes the canonical pairing of M™ with the second factor oi B ^ (R™)'. We set by 
definition WF{u) := WF{u). 

Equation (|17p allows a straightforward generalisation of many results for scalar distributions 
on open sets of M" to Banach-space- valued distributional sections of a vector bundle over regions 
over R". Moreover, by showing how these results transform under changes of coordinates they can 
be formulated for vector bundles on a manifold. We list a number of these results in the following 
Theorem (cf. [HIM]): 

Theorem A. 3 Ifu,v are distributional sections of a complex vector bundle V over the spacetime 
M with values in the Banach space B, then: 

1. sing supp(u) is the projection ofWF{u) on the first variable, 

2. u(z C°°(y,B) if and only if WF{u) = 0, 
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3. WF{u + v)<Z WF[u) + WF[v), 



4-. if P is a linear partial differential operator on V with smooth coefficients and (matrix- 
valued) principal symbol p{x; , then WF{Pu) C WF{u) C WF{Pu) U flp, where Qp := 
{{x;O&T*M\^^0, dctp(x;O = 0}, 

5. if X €z M, (f):U^W^ is a local trivialisation on a convex neighbourhood U with 4>{x) — and 
has a scaling limit u° at 0, then (/)*({0} x tt2{WF{u°))) C WF{u) D T*M. 

In the last item, the scahng hmit depends not just on the choice of coordinates, but also on the 
choice of a frame Ci of V over U and we let the scaling maps S\ act on sections of V componentwise: 
(Eire,)o5-i=E,(f °'5,-i)e,. 

In the particular case where S is a Hilbert space we also have (see |39 1 136 | ): 

Theorem A. 4 Let TL be a Hilbert space and Vi, i — 1,2, two finite dimensional (complex) vector 
bundles over smooth Ui dimensional spacetimes Adi with complex conjugations Ji, i.e. the Ji are 
antilinear, base-point preserving bundle isomorphisms Ji : Vi ^ Vi such that Jf = —id. Let Ui, 
i — 1,2, be two Ti.-valued distributional sections ofVi and let Wij be the distributional sections of 
the vector bundle Xi M Xj over Mi x Mj determined by Wij{fi M := {ui{Jifi),u.j{f2)). Then 

{x, e WF{ui) ^ (x, -C; X, e WF{wi^) 

and 

WF{w,j) C -{WF{u^) U Z) X {WF{uj) U Z), 
where Z denotes the zero-section. 

Finally we establish some results on the wave front sets of advanced and retarded fundamental 
solutions E"^ (for their existence and uniqueness we refer to [2]) and S'^^Sf. These results are 
analogous to Theorem 6.5.3 of [TS], but now for operators in a vector bundle. Note that for 
distributional sections of vector bundles there is a Propagation of Singularities Theorem, which 
follows from the propagation of the polarisation set |12j . 

Theorem A. 5 Let E^ be the advanced (~) and retarded (+) fundamental solutions for a normally 
hyperbolic operator P acting on the sections of a vector bundle DAI over a globally hyperbolic 
spacetime Al — {M , g) of dimension n > 2. Then 

WF{E^) = {{x,^;y,r^)eT*M'<^\Z\xeJ^{y),x^y,ix,-0-{y,v)} 
u { {x, -e, X, i) e T*M'^ \z\{x,i)e T*M\] 
= : A^yjB (18) 

where Z is the zero-section and {x, ^) ~ {y, rj) if and only if there is a light-like geodesic 7 from x 
to y to which ^ and r/ are cotangent such that they are each others parallel transport along 7. 

Proof. The first part of this proof follows closely the proof of 02] ■ 

We start by reducing the problem to a local one as follows. The principal symbol of P is 
p{x,^) = g fiv{x)£,^ I , where / is the identity operator on DM, so by the Propagation of Singu- 
larities Theorem, the singularities of propagate along light-like geodesies by parallel transport. 
By definition the points in set are invariant under the same parallel transport. Now consider 
a point p :— {x,(,;y,r]) with Xy^y. lf^ = ri = then P is not contained in any set on either 
side of the equality, so we may assume ^ ^ (the case 77 7^ is analogous). Let S* be a spacelike 
Cauchy surface through y and propagate {x, £,) along the light-like geodesic 7 towards S. If 7 ends 
at S' in x' 7^ y then P is not contained in or B, nor is it contained in WF{E^), because 
E{x' , y) — when x' and y are spacelike, so it cannot have any singularities there. If 7 ends at y, 
on the other hand, we can find a point p' :— (x', y, 77), where x' on 7 is in any given causally 

■^*See [2] for the definition of the principal symbol. 
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convex neighbourhood of y and ^' is the parallel transport of ^ along 7 to x'. Then p' £ WF{E^) 
if and only if p € WF{E^) and p' € if and only if p G A^. Hence, it suffices to prove the claim 
locally. 

On a sufficiently small causally convex domain O C we can find for every fc g N a C'^'-section 
W*" of DM Kl D*M on gy^h that ([2] Proposition 2.5.1): 

fc+i 

E^{x, y)^Yl ® ^^(2 + 2i, .)Kx, y) + W'ix^y). (19) 

j=o 

Here the Hadamard coefficients Vj are uniquely defined smooth sections of DM S D*M on O^^, 
R^{a,y) are the retarded (+) and advanced (— ) Riesz distributions (or rather distribution densi- 
ties) on Minkowski spacetime and they are pulled back by the smooth diffeomorphism / .O^^ ^TO 
defined by {x,y) ^ (a;, exp~^(j/)). This means we use Riemannian normal coordinates for y cen- 
tered on X, which is well-defined because O is causally convex. The Riesz distributions have many 
useful properties, of which we will only use for all j > 0: 

WF{R^{2j + 2,.)) = {(a;,0 e r*A/o \Z| X = or = 0,x e J=^(0),C|1 x} 

R^{2 + 2j,\x) ^ X^+^^-"R^{2 + 2j,x), \>0 (20) 

(These can be proved using [2] Proposition 1.2.4 items 4, and 5, D^~^^R^{2 + 2j, ■) = S and the 
wave front sets of the distinguished parametrices as determined in 1^.) Hence, for all j G N: 

WFiril (g> i?±(2 + 2j, .))) - /*(1^^^(1 (g> i?±(2 + 2j, .))) = r{Z\o X WF{R^{2 + 2j, .))) 

= {ix,^;y,v)\ ii,v) ^^/^(O,??') for some 
(exp-i(y),ry')e W(i?±(2 + 2j,.))}, 

= (A±uB)nr*o^2^ (21) 

where d/-^ is the transpose of the derivative df at {x,y). The last equality uses the wave front set of 
the Riesz distributions in equation (|20p and the properties of Riemannian normal coordinates (cf. 
[32]). It follows that WF{E^\ox2) C (A± U B) n T*0^^ because for each order of differentiation 
N we can choose a sufficiently high order k in equation (|19p to make the required estimate in the 
definition of the wave front set. 

We can prove the opposite inclusion, if we can show that the wave front set of the finite sum in 
(Uni) also contains {A^ U i?) n T*0^^, which we will do using scaling limits (cf. [31]). First we may 
employ the Riemannian normal coordinates f -.0^^ -^TO as above. Next we may assume that O 
is also a contractible coordinate neighbourhood, so we can consider local coordinates (p:0 R" 
on O and the associated coordinate map d(j) on TO. Moreover, we can choose (f> in such a way that 
(j)ixo) = for an arbitrarily given xq e O. The composition d(f>o f then defines coordinates on O^^ 
such that {xo,xq) i— > € R^". Using a frame Ea for DM\o and the dual frame E^ we can express 
the terms in the sum of equation in the local coordinates d(f> o f as V^^{x, y)R^{2 + 2j, y). 
From equation (|20p we then find the scaling behaviour 

5l{V^^s{^,y)R^{2 + 2j,y)) = \^+^=-^^{Vfs{\x, Ay)i?±(2 + 2j, y)) 

for all A > 0. In the scaling limit only the lowest order term survives: 

lim A"-2(^^^^-i^^^-i)*^(^^^) ^ V^^^{Q,Q)R{2,y)E''{x)EA{y) = R(2,y)E^{x)EA{y). 

where we wrote i?(2, y) := R^{2, y) — i?+(2, y) and we used the exphcit expression V^g{x, x) — 5^ 
([g Lemmas 2.2.2 and 1.3.17). 

Now, the last item of Theorem lA.SI fwhich follows from Proposition lA.2[) implies that WF{E) D 
{d(j) o /)*({(0,0)} X n2{WF{l (g) i?(2, .)))), because E^{x)EAiy) is smooth and not identically 
vanishing. From equation ([20]) and the support properties of i?^(2, .) we easily compute 7r2(VFF(l(g) 
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R{2, .))) — {(0,^)1 — O}. Pulling this back to O^^ and using the properties of Riemannian 
normal coordinates yields 

WF{E) D {{xo,-C,xo,0\ = 0}. 

Because i? is a bi-solution to the wave equation we can apply the Propagation of Singularities 
Theorem to find that WF{E) D U on O^^ and from the support properties of E'^ and 
E- we then conclude that WF{E^) D A^. Finally, WF{E^) D WF{PE^) = WF{S) = B. This 
completes the proof. □ 



Corollary A. 6 In the notation of Theorem\J^ WF{E) = A+UA-\Z. 

Proof. By Theorem IA.5I and the support properties of E^ we have WF{E) = j4+ U A^ away 
from the diagonal. The inclusion D then follows from the closedness of the wave front set. For the 
opposite inclusion we consider a point on the diagonal and use the Propagation of Singularities 
Theorem to find an approximating sequence of points off the diagonal. □ 

Proposition A. 7 For the fundamental solutions of the Dirac equation we have, in the notation 
of Theorem\E^ WF{S^) = WF(Sf) = A± U B and WF{S) = WF{Sa) = A^V} A-\Z. 

In other words, WF{S^) = WF[Sf) = WF{E^) and WF{S) = WF{S^) = WF{E). 

Proof. Because — (iY + m)E^ and — (— iV + m)E^ (see [TJ) we immediately find 
WF{S^) C WF{E^) and WF{Sf) C WF{E^). Similarly WF{S) C WF{E) and WF{S^) C 
WF{E). Now suppose that WF{S) = WF{Sc) = WF{E) ^ A+ {J A- , which we wiU prove below. 
By the support properties of the fundamental solutions we then find that away from the diagonal 
WF{S^) = WF{Sf) = A^, whereas on the diagonal WF{E^) = B Z) WF{S^) D WF{PS^) = 
WF(S) = B and similarly for cospinors. 

To complete the proof we need to show that WF{S) D WF{E) and WF{Sc) D WF{E), for 
which we adapt (and correct) an idea of 22J. We prove the case of S, because the other case follows 
by taking adjoints (cf. Theorem 13. lOp . Further note that it is sufficient to prove the claim on the 
diagonal, because the Propagation of Singularities Theorem applies both to E and to S. Now 
suppose that (x, — ^; x, £,) € WF{E) \ WF{S). We will derive a contradiction as follows. For every 
time-like, future pointing normalised vector uq G T^M we can find a smooth spacelike Cauchy 
surface C through x such that uq is normal to C. We let n denote the future pointing normal 
vector field on C and l:C^M the canonical injection. By [T3] Proposition 2.4c) we can restrict 
S to C^^ to find S\cx2 = —iSfjl and in particular {x,—dL^{^);x,dL.'^{£,)) € WF{S\cx2). By (a 
component version of) [24] Theorem 8.2.4, on the other hand: 

WFiS\cx2) c (t X Lr{WF{S)) = {ix,dLliO;y,dil{e))\ ix,i;y,e) e WFiS)} . 

Therefore, there must be a point {x,—i]]x,r]) g WF{S) such that {x,—dL^{ri);x,dL^{r])) = 
{x, —db^{£)\ X, dt^{£,)) Notice, however, that the transpose of di is nothing else than restricting the 
dual vector ^ to the tangent space of C. Because WF{S) C WF{E) there are only two possibilities: 
?7 = ^or?7 = ^ — 2(^a'T-o)"-o- The first contradicts our assumption, so we have rj = ^ — 2(fang)no. 
Now (x, —rj; x,r]) G WF{S) must hold for every normalised, time-like, future pointing vector 
no G TxM. Choosing a sequence of vectors no such that 77 ^ ^ and using the closedness of the 
wave front set we find again (x, -C; x, G WF{S). Hence, WF{E) = WF{S). □ 

B Proof of Theorem [4381 

The computations involved in the proof of Theorem l4.18l are somewhat similar to the computation 
of the stress-energy-momentum tensor. We will work in components and in local coordinates on 
O, using Greek indices to indicate the coordinate frame and coordinate derivatives. To ease the 
notation we will drop the subscript e on the local frame e^. 
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As 7° is independent of e we may use equations ^ to vary 

fy - {dav - in,«7c7') r = < {dcv + {d.e% - e^^T\^} ^707") 7^ (22) 



which yields: 

Sfv - <5e:ef Vdt;7'^ - i<5ef e^n,z;7c7S'^ + iaa<5e^e^7c7S'^ 

-i5e;;e:efr^„^«7c7S'^ - Isr^^e^ey^vj^j'r. (23) 
We can perform an integration by parts as follows: 

i9„<5e^e^7c7V = ^P.(<5e^e^7c7'') + {Se'^.e^.P^ivj^j") 

-i5e^a,ef^;7c7^" - J-^e^ef r=„,x;7c7''7" + ^'Je^ef ^'^,,^;7c7^'^ 
= ^F,(5e^e^7c7'') + ^^e^ef (P,«)7c7' " J-^e^ef V,t; [707', 7I (24) 
-i<5e^aaef^;7c7^" + J'^ef e^r^,,t;7c7''7'^ + ^'5e^e;^^'^,,«7c7^^ 
Because [7c7^, 7"^] = 7c {7'', 7"} — {7c, 7°} 7^ = 2-q°-^"fc — 25'^"f^ and = QtiP'n'^'^^d can write: 
- i^e^ef V.z; [7C7', 7°] = - ^'5(.9^^77^'^e^)ef Ty-^" V,«7c + Wpe^,^ ^v^"- 



1 

2 

When substituting equations ([M)) and in we can recombine the terms 

:^(5e^5,e^7c7S'^ - J^e^e^ef r'^„^^;7c7''7" = ^Se'^^elT^.v^,^^^' 



= ^59^^ey''p^avi,-6eyt^dvi\ (25) 



to obtain 



<5yz; = _P^(5e^efz;7c7'') + 7'^4ef(^cf)7c7' + 7T'55"''e^e^Va«7;, (26) 
1 



Note that the variations of the frame de" cancel out, except in the terms with Pc- These are 
harmless when we compute Bo{S^Sof), because both Bq and v solve the Dirac equation. Therefore, 
the final answer will not depend on variations of the frame, as desired. 

In the last term of equation (|26|) we can use the symmetry of the Christoffel symbol: 



7^r^(o;3)eaef4«7c7V = -IsT^^e^e^.e^^vj^rj'^'' = -^T^^g'^^vj, (27) 



ld^Sg^f,e^,g"^vr 



We handle the last term using an integration by parts as before: 

IdaSgc.pg'^^vj'' = :^p,(Sg^^g-0v) + '-Sgo.pg''^ P^v - ^Sg^pdag'^^v^ (28) 



= -^PciSgc.pg'^^v) + Ug^pg'-fp.V - i(5ff"'^9a5a/3t'7". 
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where we used Sgapdag"^ — —Sg^^gafj.gpvdag'^" = Sg"^daga0- The penuhimate term in (P?)) is 



- \db{6g^Pelel)v^a - -^Sg'^^ 9o.^.gp.d,{e'ieyP)vr 

-\5g''^go.^.gp.d,{e>:,eyp)v^\ (29) 



The first term on the right-hand side of equation (I29p is 

Uj,[5g^Pele'p)v^, = iv,(<55"^e^e>7a) - \5g'^P e^e^p^ .v^^- (30) 
The other terms can be simphfied with some computation: 

-\59^" (rVe^e^ + T\,elel + g^,gp,7^-^d,{e'^,ey)) «7a 

= - J'^ff"'' (-^"^e;f9^5a^ + e;r^^„ + e^r'^^^ - ^s^'-apff;,.) «7a 

= -Ug'^f (-2e>^^50g„^ + e;g^^(2905„^ - d^g^^) + " 2e^g'"'9pg;3,) t;7a 

- i<5g"'' (e;5"''5pg„^ + 2e^g0^5'"^r^^J i;7a. (31) 
Substituting equations (|27ll3ip into ([26| yields: 

'5^'^ = ^Pe(5e^efz;7c7') + ^'5e^e^(^'c«)7c7''-^^'c(<55c./35"^) + ^<53a;35"^Pc« 

+ J^5"''eSe^V,«7. + ,[Sg^^ ele'^v^,). (32) 

Using Lemma 14.171 we find for a spinor u G C°° (DM) : 

<5yu = ^P(<5e^ef 7%,?.) - ^5e^e^''7,(P7.) + ^^(J^^^^"'^^,) - ^<5g„^g"'3pu 

+ Wf'e:,e''pjtVaU + iVb(Jg"''eSe^7a«). (33) 



Using Proposition 14.161 and equations (|32|33|) we notice that the terms with Pc and P cancel 
out in the following equality, because Bq and Sof both satisfy the Dirac equation: 

<5(/3,Bo(/)) - -Bo{SP,Sof) - ^BoiSg'^^e^e'^-ftWaSoRf) + '-Boi^biSg^^e^^e'^jaSoRf)) 

= l^g'^'eyp (Bo(7(6V,)5oi?/) - \/ ^M7a)SoRf)) ■ (34) 
We now compare with Proposition 14. 141 to get the final result. 
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